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Thermal renormalization group equations and the phase transition of scalar ©N) theories

Bastian Bergerhoff and Jugen Reingrubér
Institut fur Theoretische Physik, Technische Universkiinchen, James-Franck-Strasse, D-85748 Garching, Germany
(Received 3 February 1999; published 27 October 1999

We discuss the formulation of “thermal renormalization group equations” and their application to the finite
temperature phase transition of scalaiNQ(theories. Thermal renormalization group equations allow for a
computation of both the universal and the nonuniversal aspects of the critical behavior directly in terms of the
zero-temperature physical couplings. They provide a nonperturbative method for a computation of quantities
such as real-time correlation functions in a thermal environment, where in many situations straightforward
perturbation theory fails due to the bad infrared behavior of the thermal fluctuations. We present results for the
critical temperature, critical exponents and amplitudes as well as the scaling equation of state for self-
interacting scalar theoriegS0556-282199)01720-9

PACS numbgs): 11.10.Wx, 05.70.Ce, 05.70.Fh, 11.15.Tk

[. INTRODUCTION (hypothetical inflationary phase. Also, heavy-ion collisions
may not yield a thermalized state and one should, strictly
In recent years, the study of field theories in a thermakpeaking, consider QCD out of thermal equilibrium. Finally,
environment has become increasingly poplidr The inter- it is of interest to study the dynamics of phase transitions in
est in this field has increased for a number of reasons. Fromwarious contexts.
the experimental side, the study of strong interactions at high In marked contrast to the number of situations in which
temperatures and densities has been taken up by meansth&rmal(or more general nonequilibriunfield theory is of
heavy-ion collisions. In order to theoretically understand therelevance is the number of open fundamental questions. This
outcome of such experiments, we have to learn how to treas due to the fact that in many situations, even in the simpler
field theory in a hot and dense environment. Thermal fieldequilibrium case, the well established methods of perturba-
theory also plays an important role in astroparticle physicstion theory fail due to a modified infrared behavior of the
Questions concerning the physics of the very early universéheory. Famous examples of the infrared problems are the
can usually only be addressed if the impact of the temperasbservation of Linde[3] that the free energy of a non-
tures on the properties of matter are taken into account. Abelian gauge theory is not computable in perturbation
famous and, in recent years, extensively discussed questidgheory beyond three-loop ordéirrespective of the size of
concerns the phase transition that might have been associatéte coupling constaptor the fact that even super-daisy re-
with the restoration of the electroweak symmétat tem-  summed one-loop perturbation theory fails to predict the cor-
peratures of the order of 100 GeV. Another interesting phaseect critical behavior of self-interacting scalar theories, even
transition is the transition from the quark-gluon plasmaif they are weakly coupled at vanishing temperatutke Al-
phase of quantum chromodynamics to the low energy phagéough the physical mechanisms behind the above-
where confinement applies and ttagproximatgchiral sym-  mentioned problems are quite different, both problems may
metry of the standard model is broken. This transition hade traced back to the fact that the behavior of bulk observ-
taken place at temperatures of the order of 100 MeV and igbles like the free energy or of theories close to a second
expected to be experimentally accessible with the next gerprder phase transition is governed by three-dimensional
eration of heavy-ion colliders. It is also an interesting openphysics(if the underlying zero-temperature theory is formu-
question of particle physics applied to astronomy of whethetated in 3+1 dimensiong
a quark-gluon plasma is realized in the interior of neutron We then have to devise methods that are able to cope with
stars. this effective change of the relevant degrees of freedom. One
A large number of open problems are connected to nonsuch method in principle is lattice field theory, which may be
equilibrium phenomena. In the physics of the early universaised to study time-independent quantities like the free en-
this concerns, for example, the question of reheating after argy also at nonvanishing temperature. Lattice studies of
field theory at high temperature are, however, often compli-
cated by the existence of widely separated scales and there is

*Email address: bberger@physik.tu-muenchen.de as yet no formulation of lattice field theory that can deal with

TEmail address: reingrub@physik.tu-muenchen.de finite density or time-dependent quantities.

We know by now that in the framework of the standard model Another way of dealing with theories where the relevant
there was no phase transitip]. This does not however exclude degrees of freedom are scale dependent is provided by the
phase transitions in extended models like the minimal supersymrenormalization grougRG). This is a well known fact in
metric standard model. statistical physics, where the Wilsonian form of the renor-
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malization group5] is widely used in the study of critical relies on a separation of “hard” and “soft” modes by means
phenomena. In the context of field theory, there are differenof an external scale which acts as a momentum cutoff. This
implementations of the general RG idea. These range fromprocedure is in general not consistent with gauge-invarfance
the “environmentally friendly” RG ([6] and references (see[16] for a different approach circumventing this prob-
therein which is a variant of the Callen-Szymanzik RG, via lem), and one obtains generalized Slavnov-Taylor identities
the “auxiliary mass method[7] to continuum implementa- that may be interpreted as fine-tuning conditions that have to
tions of the Wilsonian approach, initiated in a field-theorybe respected in order to regain Becchi-Rouet-St@&RS
context by Polchinski and othef8]. This approach has in invariance of the physical effective actiph7]. In the frame-
recent years been applied to a number of problems in fieldvork of the TRG one avoids this problem since only the
theory both at vanishing and nonvanishing temperature anghysical fields have thermal fluctuations. Manifest gauge in-
is now also known as the “exact renormalization groupvariance severely restricts the form of possible contributions
(ERG)” approach[9]. The ERG approach is a nonperturba-to the effective action and thus helps in making sensible
tive formulation of field theory, and by construction avoids approximationgsee the discussion below
any infrared problems irres_pective of the_ dimen_sionality of " In the present paper we present an extensive application
the system under study. It is formulated in Euclidean spacgt the TRG to the critical behavior of the simplest nontrivial
and may be straightforwardly adapted to study thermal fieldjg|q theories in 3-1 dimensions, scalar self-interacting
theory in the “magmary-ﬂmg” or Matsubgra fprmahsm. models with a(at zero temperature spontaneously broken
. R_ecently, an |mpIement_at|on of the Wllson|an renor_mal-o(N) symmetry. Despite their simplicity, already these theo-
ization group in the real-time formulation of thermal field L . ;

ries are not accessible in straightforward perturbation theory

theory has been propos¢tio]. This “thermal renormaliza- ¢ i | o th itical i
tion group” (TRG) has a number of advantages as compareéOr emperatures close to the criica or_ne.I\Q(symme ric
scalar theories have a number of applications, both in the

to the ERG applied to thermal field theory. Even though the i ) : ) .
formulations of field theory in the imaginary and the real- context of statistical physics and in particle physics. In sta-

time formalism are, in principle, equivalent and one Cantlstlcal physics, these models are used, for example, for the

compute any quantity of interest in both approaches, in pracgescription of polymergin the limit N=0), the liquid-vapor

tice, recovering Green-functions at real-time arguments fronfransition Wz_l’ the Ising mods| the trans!tlon of helium
their expressions at discrete imaginary energies through ani a superfluid stateN=2) or ferr_omagnetl_c systemshe
lytical continuation is often tedious. Moreover, in practical ‘€iSénberg modelN=3). In particle physics, the model
applications of the Wilsonian RG results will usually be ob- with N=4 at zero temperature describes the scglar part of
tained numerically, making analytical continuation impos-the Lagrangian of the standard model. At nonvanishing tem-

sible. Thus, in order to study quantities like damping rated?€rature the theory with one scalar field shows the same
and the like[11], a real-time formulation of thermal field universal behavior as the standard model for the critical

theory is mandatory. value of the zero-temperature Higgs boson mdsy. For

Also, in the real-time formalism there is a clear separatiody =4 the universal behavior should be the same as that of
between “thermal” and “quantum” fluctuations. A cutoff is the chiral phase transition in thé;=2 chiral limit of QCD.

only introduced for the thermal fluctuations such that the 1he universal behavior of the theory may be studied di-
renormalization group equations are nontrivial only for rectly in three dimensions. There are accurate results on criti-

£0. The starting value for the effective action is then theC@ exponents from methods likBorel-resummeple expan-

full physical effective action of the theory at vanishing tem-Sion: from perturbative calculation at a fixed dimension,

perature. This feature essentially prevents us from studyin§OM & resummed high-temperature series or from lattice
theories that are strongly interacting alreadyTat0 and  >wdies(for a review, se¢19)). There are also a number of
gtudies using the ERG directly in three dimensi¢fus ex-

may thus seem like a major shortcoming. On the other hand, . X
in situations where the zero-temperature theory is weakl®MP!€[20—22). Also the scaling equation of staOS has
een widely studied in the three-dimensional the21—

coupled this apparent shortcoming turns into an advantage.

In such a situation the calculation of nonuniversal quantities2>): S€€ alSq19). ,

such as critical temperatures, in terms of the measurable cou- ON the other hand, the number of studies of the full (3

plings of the theory in the framework of the ERG requires a ™ 1)-dimensional theory at finite temperature close to the
two step procedure, where one first has to relate physicaﬂhase transition is rather !|m|ted. Results on the crmcaj tem-
quantities at zero temperature to the parameters of the actioperature and exponents in the ERG approach are given in

These parameters are renormalization scheme dependent as@—29, and forN=1T,, exponents and critical amplitude
one has to perform perturbative calculations using the EREAL0S have been studied by means of the environmentally

formulation [12]. In situations where two-loop accuracy is Mendly RG in[30]. The critical temperature and some ex-
required to fix the ambiguities of such a calculation, thisPONents have also been obtained through the auxiliary mass

procedure is highly nontrivial and has only been performednethOd in[31]. Results for critical exponents from the TRG
in simple modelg13] until now.

Another advantage of a formulation of RG equations with
a cutoff introduced only for the thermal modes is the fact that 2There is a formulation using the background-field approach
this can be done while respecting manifest gauge invariancghere one can keep manifest gauge invariance with respect to
[14]. The general formulation of Wilsonian RG equations background-gauge transformatioris).
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have been given foN=1 in [10] and critical exponents, as tweenk? and “softness” of modes is lost. On the other hand,
well as the equation of state fdf=1, have been obtained in many situations the problematic behavior of perturbation
from the TRG in[32]. We here extend these studies to arbi-theory at finite temperature is only due to the thermal modes,
trary N and, furthermore, give critical temperatures, the scaland the dynamics of the theory in the vicinity of a phase
ing form of the equation of state, as well as critical ampli-transition are governed by three-dimensional classical statis-
tudes in terms of the zero-temperature couplings for theics. To deal with this particular problem, one may use the
casesN=1 andN=4. For reasons to be discussed below,fact that in real time the propagators clearly discriminate
our results on the universal critical behavior are not as accusetween “thermal” and “quantum” fluctuations to intro-
rate as the existing results obtained in the effective threeduce a cutoff only for the thermal fluctuations, leaving the
dimensional theory. On the other hand, the present workjuantum contribution to the propagator untouched.
does not rely on universality arguments and the approxima-
tions made in the present paper may be improved. The TRG A. Formulation of the TRG equation
also allows for the direct computation pf real-time quantit_ies Field theory, not necessarily in a thermal equilibrium situ-
and offers a convenient nonper'turbatlve tool to s;udy f'eldation, may be formulated using the Schwinger-Keldysh or
theory in a hot.and—aﬁer a s'tralghtforward extension of the;|psed time-patCTP) formulation[33]. Here one is inter-
method—possibly dense environment. . ested in expectation values of operators with respect to some
The format of the paper is as follows: In the next sectiongeneral density matrix rather than in scattering amplitudes,
we give a review of the formulation of the thermal renormal—i_e_’ matrix elements of the forrfoufin), as in the more

ization group equation and discuss some general points reynyentional approach to field theory at vanishing tempera-
garding the possibilities of approximately solving equationsy,re | the CTP formalism one thus considers matrix ele-
of this general type. Here we can rely on experience gainethenis of the forn{inlin). In order to be able to derive cor-
from the study of the Euclidean exact renormalization groufg|ation functions at different times. one defines the
equation. In Sec. Ill we apply the method 10 generating functionaZ which should now depend on two

O(N)—.symmetric scalay theories.. After Qeriving the flpw- sourcegin the case of one real field), andJ,, by inserting
equation for the effective potential we discuss in detail the, complete set of states at some titras

phase transition fo=1 andN=4. We compare our results

for the critical temperatures, critical exponents and ampli- ) )

tudes, and the scaling equation of state with different results Z[leJz]ZJ SD(in,to| @, 1), (P t[inte),, (D)

given in the literature. We also discuss the dependence of the

critical temperature on the number of fields and compargvhere all states are in the Heisenberg picture Aonticourse

with the expectations from largs-and naive perturbation depends on the initial state of the system. One may introduce

theory. the path-integral representation for the transition matrix ele-
Section IV contains our concluding remarks. ments(in,tO|CI>,t>Ji as usual to find

t
Z[Jl,Jz]zf S®(in,to| T* exp(—if dtd3xJ2¢H>|<D,t)
Il. THE THERMAL RENORMALIZATION GROUP to

EQUATION

t

In this section we discuss the derivation of the thermal X(d),t|TeXp(|JI dtd3XJl¢H)|'n’t0>' 2
renormalization grougTRG) equation[10] and some more °
general points on its relevance and strategies for its approxivhere T and T* represent the time- and the anti-time-
mate solution. ordering operator respectively ailg, are Heisenberg fields.

The basic objective of thermal renormalization groupNote that the sourced;, andJ, have to be different in order
equations in the framework proposed [it0] is to use the to obtain time-dependent correlation functions.
Wilsonian RG approach in the real-time formulation of ther-  Finally, one may also formulate the generating functional
mal field theory in order to have access to real-time correlaby introducing the density matriy that characterizes the
tion functions, avoiding the need for analytical continuation.initial state. The generating functional then simply is the en-
Wilsonian renormalization group equations are generally nosemble average of the product of the time- and anti-time-
very useful in Minkowski space, since the connection be-ordered exponentials and we can write

t
Texp(if dtd3xJ1¢>H)H
to

t t
=f SpSd' SD(p,tolp|d’ to) @' 1ol T* exp(—ift dtd3xJ2¢H)|<D,t)<CI>,t|T eXp<ift dtd3xJ1¢H)|¢,t0).
3

t
T* exp( —i dtd3xJ2¢H)
to

Z[Jl!JZYP]: N Tr( P
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Im¢ alization of the corresponding thermal density matrix which
obtains forf(|k|)= Bwy. [We may interpret Eq(7) as the
to t Ref density matrix of a system in which each mode of the field is
> at a different temperature given By= w,/f(|k|). We will
come back to this interpretation beldwror the above den-
sity matrix, the matrix elements dfp4|p|,) are given by
[35] as
FIG. 1. The Schwinger-Keldysh contour in the complex time
plane. The lower part of the contour is infinitesimally shifted below o 1 d3k oy
the real axis. b1|ps| P2)=C ex ——J'—_—e
(Dalpi d2) 2) (2m)? sinhf(|K|)
Derivatives ofZ with respect to the sources thus generate

ensemble averagegexpectation valugs of products of X[ ( b2+ 2 coshf (k) =2 . (8
Heisenberg fields. Because of the introduction of the two L1+ 62) (k) =2¢1¢-]

independent sources and the fact that we are computing ma-

trix elements between “in” states at equal time, while insert-We observe thak? as well ak?*°and all higher derivatives
ing a complete set of states at a different timand using  Of K[¢] vanish in this case. The constant is absorbed in the
time- and anti-time-ordered exponentigﬂs, the integra‘[iomormanzaﬁon of the generating functional. The fact that Only
contour is a closed path fromy to t and back, thus giving terms quadratic inp, appear in the density matrix element is
rise to the name “closed-time-path” formulatiofrig. ). of course the reason why in finite temperature field theory in
Finally we go over to a path-integral representation of theequilibrium only the two-point functions are modified. In-

transition elements and write deed, noting thakK®" only has support at=t,, we may
absorb the effects of the initial state into the boundary con-
2[3,,3,,p]= f Sh10b{ b1 tolpl o toyexd i (S 4] ditions for the free fi.eld eqqatic_ms, 'Where they simply modify
the two-point functions, yielding in the case of a thermal
— S [ o]+ Iy b1~ o) ] 4) initial state the well-known real-time propagators of the CTP

formalism at finite temperature.
Up to now, the initial state is completely unspecified. Indeed, Above we have made use of the path-integral approach to
the matrix element¢4|p| #,) will be some functional of the the CTP formalism. In simple theories, a convenient way to

configurationse;(X,t =t,), which may be written as obtain explicit expressions for the propagators is through the
_ operator formulation. To this end, introduce a generalization
(¢1.tolp|db2.to) = expliK[ 1, ¢2]) of the ®-function with real time arguments to@-function
on the contourC corresponding to Eq.3) and evaluate the
= exp{i(KﬁLJ dkK3¢, path-ordered producfT( here is the path-ordering operator

Gx,x" ) =(Teh(x) p(X")
+1 f d3kd3pKab¢a¢b+”'”, (5) f < :

o _ =0 (t—t"){((X)b(X"))s
where we use a compact notation wilb=1,2 and metric ) )
c.o=diag(+1,—1). We may then treat the coefficients +O(t'—t)(d(X)p(x));  (9)

K?P--- as sources for the corresponding composite operators _— ;
and write the generating functional as after substituting for the field operators

d3k . A
a a ab — H -
1IN ’ PR 1 2 1 = T A K ! .
Z[ 33, K, K3 K ] f&p Sdpexdi(S 1] B(X) J (ae™**+ afelk) (10)
(2m) 2w,
— S [ o] + It K+ K, In Eqg. (9), the averages are ensemble averages with respect
+1KBP b+ -] (6) to the density matrix defined in Eq7) and in the usual

manner one obtains, using
Having specified the density matrix, i.e. the sourk@8: -,

one may then proceed along the lines[8#] in order to
obtain, for example, a perturbative series.

In the present paper we will be interested in systems with
a density matrix of the general form

(afay)=(2m) 2wy

———5(k—p)
ef(‘k‘)_l

1
o 3 Y
(aap)r=(2m) 2wk( 1+ ef“z)—l) o(k=p)

pr=Cex —Jd—skf(HZl)aTa 7)
! (2m)32awy k) (11)

wherea anda are creation and annihilation operators of alnote that these expressions again reduce to the well-known
free scalar field respectively. Equatién) is a slight gener-  results forf(|k|) = Bwy],
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G (x—x")=iD{9(x—x")

:f o 27 8(K2—m?)e KXI[@ (k) O (t—t')
(2m)* o

+0O(—ko)O(t' =)+ (exp(f([K))—1) 1] (12)

As the next step we return to the notation in terms of two fieldsand ¢, and note that the time contour startstgt
—oo and goes td— +. It is back shifted by an infinitesimal amount below the real dxee Fig. 1, and thus® . obeys

O (t—t")=0(t—t") onthe upper part o€
=0(t'—t) onthe lower part o€

=0 fort on the upper ant! on the lower part ofC

=1 fort onthe lower and’ on the upper part ofC. (13
|
We can write the propagator as &2 matrix in the form We have also pointed out that the formulation of exact
(note that our sign conventions are slightly different fromrenormalization group equations for a theory in Minkowski
those in[10]) space at vanishing temperature is possible but not very use-
ful. The reason is that the Lorentz-invariant separation of
Ao —(Ag—A%)O(—ko) modes withk?> (<)A? as being hardsoft) has no well-
D¢(k)= defined meaning. The situation is different at finite tempera-

ture, where Lorentz invariance is broken anyway by the pres-
- 1) ence of the heat-bath with a preferred frame of reference. We

(14)  could thus introduce cutoffs that, for example, tregandk
differently. In an imaginary-time formulation this strategy is
ursued in29]. On the other hand, most of the problems of
Brturbative calculations in thermal field theory are actually
1 related only to the infrared behavior of the thermal modes.
Ag(k?)= - (15  Since there is a clear separation in the two-point function

k“—m+ie between thermal and quantum contributidiet Eq. (14)]

and and the thermal fluctuations are on-sHelbte that ass—0

we haveA,—Af — —2mi §(k*—m?)], and thus are effec-
1 tively depending on théEuclidean space components &f

N¢(|[k])= ——. (16)  alone, we may introduce a cutoff with respeckfofor these
ef(h—1 fluctuations.

We proceed as follows: As noted above, with the general
: - . form of the density matrix given in Eq7), we may control
We are now in the position to formulate the renormahza-t e boundary conditions for the fields. We have seen that
tion group equations. As stated above, the general idea cfEermaI boundary conditions correspond to
Wilsonian or exact renormalization grodRG) equations is
to introduce an external dimensionful parameter and divide N o2 2
the path integral into a part that includes only the hard modes f(IkD)=Bar=BV[K*+m*.
and a remainder including the soft modes, where the separa- o Y e :
tion is done with respect to the external scale. The result off W& want the “hard thermal” modes witfk|> A to be in

the path integral over the hard modes is then treated as dRermal equilibrium, we should thus introduce the external

effective action. Instead of performing any of these path in-SCal€ into the functior such that

tegrals, one derives functional differential equations for the _ ~

dependence of the effective actibn, on the external scale fA(lk)— By as [k[>A. (18)
(lvg.srnaltlh(iise r\:\?ats gnbey\rgecir\llotlerssoi\éisfttﬂle:cfltJet?ouna?c? r;?]emp:athon the other hand, we note that the thermal contribuEions in
integral and, thus, the solution of the theory. Since at anghe two-point function(14) are absent in the limif (k)
point one integrates only over an infinitesimal “shell” of —° (in the thermal case this would simply correspond to
momenta between andA +dA, the resulting equations are T—0). Hence we suppress thermal fluctuations with
formally one-loop. <A by requiring

N 1
+(A0—A3)Nf(|k|)( 11

where we have already switched to momentum space and u

17
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fo(|k)—e as|k|<A. (19)

Having thus introduced the external scaleve now proceed to derive the renormalization group equations. The easiest way
to do this is to turn back to a path-integral representation of the generating funcigrial the presence of the modified
density matrix. Using the inverse of the propagator marjx which we now denote & ,* to stress the dependence on the
external scale

_1 1 AS _(AO_A3)®(_kO) AO_AS R 1 1
Dy =—r * - * Nf\(|k|) ' (20
ApAj —(Ag— A7)0 (ko) —Aq ApAf / 1 1
[
we have 9 i J 521’* [ ] -1
_ - % N1 pn-1 AL®P
) ASETale] 2Tr[A&ADA(DA e ) }
ZA[‘leJZJZJ 5¢15¢26XF{i(§¢a(DAl)ab¢b (26)

Finally we have to discuss the limits—o and A—0. Let
, (21 us start with the limitA — 0. In this case, the density matrix
according to Eqs(7) and(18) is the usual density matrix for

age . . _1
whereS, is the interaction-part of the classical action with & System at thermal equilibrium Y"l'th temperatyie”. Ac-
Sid b1, b2]1=Snd 11— Skl #.]. Itis straightforward to de- cordingly, the inverse propagatdr, * becomes the free ther-
rive an equation for the dependenceZof on A. One finds mal propagatofcf. Eq.(20)] and the effective action tends to

[10]

+Snd b1, P21+ Ja¢a)

im Txle]=Tle]—2¢a(D 1> ¢y, (27)

A&ZJ—iT‘SAaD‘lng 22 e
ﬁ_AA[]— §r5_J ﬁ_AA5_‘JA[]()

where Eq.(24) was used.

where here and below we use the compact notation On the other hand, to consider the limit—, note that
=(J,,J,) and correspondingly for the fields. Defining as liMms—. N¢=0 according to Eqs:16) and(19). In this limit,
usual the generating functional for the connected Green fundh€ propagator is the one from the theory at vanishing tem-
tions W,[J]=—iInZ,[J], we obtain the RG equation for perature[cf. Eq. (14)]. The starting value of the flow equa-

W, , tion asA —o is thus, up to the trivial subtraction of th& (
=0) two-point functionsee Eq(24)], the effective action of
d i d ) 8°W,[J] the CTP formalism at vanishing temperature.
A WA= =5 T A DA™ 5355 Before proceeding to an application of the formalism, let
us add some general remarks. First, note that even though
1 OW,[J] d ;| OWy[J] Eqg. (26) is an exact result, it may be formally considered as
+§ r 53 A=A 53 a one-loop equation. The corresponding diagram is given in

Fig. 2, where the squared cross denotes the insertion of
(23 A&ADxl, and the line with the dark dot is the full propaga-
tor. Of course, in an interacting theory the full propagator is
still a functional of the fields, making the equation impos-
sible to solve exactly. Nevertheless, the existence of a picto-
rial description in terms of Feynman-like diagrams simplifies

Finally, we define the generating functional of 1Pl Green
functions as the Legendre transform\of, :

1
TAle]=Wi[I]=I*0a=5¢a(Dy )P 0s, (24

where
Aar‘AM — &
W, [J] oA 2
Pa= a (25
8J
and we have subtracted a term bilinear in the field, corre-
sponding to the fre¢cutoff) propagator. In the RG equation 8= AZD;!
for I'y , subtracting the free propagator leads to a term that ” 1 e\
ibuti i —o— - (o' + )

cancels the contribution from the second term on the right Spdp
hand side of Eq(23) and we obtain the thermal renormal-  FIG. 2. Graphical representation of the thermal renormalization
ization group equationl0] group equatiorn(26).
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the discussion of the flow equations and allows us to easilglso in the RG approadi2]. In cases where one needs to go
derive flow equations for Green functions, etc. beyond one-loop order, this is an extremely cumbersome
One should note that in the context of thermal renormaltask [13]. In this respect the approach used in the present
ization group equations, as in the usual real-time formalismwork is very convenient, since perturbative contributions at
one cannot generally dispose the thermal ghost fiejgsif ~ vanishing temperature may be taken into account by using
the above derivation Even if one is only interested in Green Perturbative starting conditions to any desired order. This
functions with physical ¢;) external lines, the fact that Eq. feature implies of course an obV|ous_I|m|t_at|o_n to .the use of
(26) is formally of one-loop order and that the classical Ver_thermal renormahzgtlon group equations in situations where
tices do not mix the fields does not help, since taking derivatl® theory atf=0 is already strongly coupled. In such a

tives of Eq.(26) with respect toe, introducesfull vertices. situation one needs input from other nonperturbative meth-

These of course will in general mix physical and ghost fields.Ods such as lattice computations or exact renormalization

215 . . . roup equations at vanishing temperature. On the other hand,
Also note thatA9,D ! is a nondiagonal matrix. Since the group ©q g P

; . . . ) .~ this is a very welcome feature if one wants to study questions
insertion is basically treated like a vertex that mixes physica

" ’ e ike the validity of perturbative dimensional reduction, a
and ghost fields in Eq(26) one gets contributions from all  method that is at the heart of most of the present nonpertur-

matrix elements of the full propagator. bative results on the electroweak phase transition in the early
Finally, from the derivation given above it is immediately universg[2], and is also studied in the context of QCDr a
obvious that the general method of thermal renormalizatiomeview see eg[36]) In the case of the electroweak phase
group equations is not restricted to thermal field theory inransition there are a number of lattice studies that do not
equilibrium. In principle, one may use any form of density rely on perturbative dimensional reduction at least in the
matrices for the initial state. It is clear, however, that if thebosonic sector of the modé&ee for examplg€37] and refer-
density matrix is not bilinear in creation and annihilation ences therein A comparison of these results with studies
operators there will b -dependent contributions also to the assuming the validity of perturbative dimensional reduction
interaction terms in the path integrél) and the renormal- indicates that this method works fairly well in this sector
ization group equation would not have a simple form. It is[38]. However, to date there exist no nonperturbative checks
also straightforward to formulate thermal renormalizationof the method in the fermionic sector of the theory, which is
group equations for gauge theor{d<] or theories involving  quantitatively important due to the large top-Yukawa cou-
fermions. pling. TRG equations should also allow a test of this method
Apart from the fact that the formulation of renormaliza- for models with chiral fermions.
tion group equations in the real-time approach to thermal
field theories simplifies the calculation of real-time correla- B. Approximation schemes
tion functions since one avoids analytical continuation of Before presenting the results of our study of self-

quantities calculated at imaginary time arguments, the majgfteracting scalar theories in the next section, we would fi-
difference between the thermal renormalization group forha”y like to briefly discuss some general strategies to ap-
malism reviewed h_ere_and the Matsuba_lra ap_proach by meaRgoximately solve equations such as E26) [20]. The full
of exact renormalization group equations is the boundargfiective actionl”, may be characterized by an infinite num-
condition forA—c. As we have seen, the starting value for ey of couplings multiplying the invariants consistent with
the effective action in the TRG formulation is essentially theihe symmetries of the theory under study. The functional
full effective action_ at vanishing temperature. This should begifferential equation(26) is thus equivalent to an infinite
contrasted to the imaginary-time approach where one treat§,stem of coupled nonlinear ordinary differential equations.
guantum and thermal fluctuations on equal footing. There th%learly one has to make some approximation to proceed. Al
starting vaIu.e for the ef_fective_ action is the renormaIizedaploroximaﬁOns involve a truncation of the system of ordi-
classical action. In practice, this means that for a computanary differential equations to anoth@ossibly still infinite
tion of finite-temperature quantities in terms of physicalsystem of equations by neglecting couplings.
quantities at vanishing temperature a two-step procedure is The simplest approximations reduce the number of cou-
necessary26]. One first has to connect the parameters of theyings considered to a finite set. A prominent example of
classical action to observables inTa=0 computation and  sch a truncation is the so-called “local polynomial approxi-
only afterwards calculate quantities at finite temperature. Tonation” (LPA) to the effective potential, supplemented by a
get control over the relation between perturbatively defineQjerivative expansion. This approximation is at the heart of
MS parameters and the corresponding couplings in the renomost applications of Wilsonian RG equations considered in
malization scheme, defined by the exact renormalizatioRne |iterature. It may be viewed as an expansion in the ca-
group approach, one has to perform perturbative calculationggnical dimension of the couplingsee[20])).
Alternatively, one may consider truncations that keep an
infinite set of couplings. This will result igsystems of par-
3The exact renormalization group-equations imply a specifictidl (integroydifferential equations. There are more or less
renormalization scheme. One may thus not directly compare resulivo orthogonal ways to proceed:
from perturbative computations in, the modified minimal subtrac- (i) One may perform a derivative expansion of the effec-
tion (MS) scheme with renormalization group results at the samdive action. In this case one classifies the invariants by the
values of the parameters of the renormalized action. number of derivatives appearing. The coefficients of these
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invariants are then functions of constant fields. Considering avhere we have taken into account the fact that at finite tem-
scalar theory with one fiel¢g andZ, symmetry for simplic- perature Lorentz invariance is broken by the rest frame of the
ity, one expands the effective action as heat bath and have introduced the corresponding four-vector
u,. Truncating the effective action at finite order in this
expansion, one derives a set of coupled partial differential
equations for the functiong, (¢?), Z,(¢?), etc. This is the
approach that we will pursue below.

1
FA:J’ ddX{—VA(<p2)+§ZA(<p2)(6’<p)2

YA (eD)(U-0@) 2t - - |, (29) ~ (i) One may expand the effective action in powers of the
2 fields
o d dy ~(N)
Fa=Tylg=0t ngl o d%g . A Yy (Xgy e Xn) @(Xg) - (X)) (29

The coefficients of this expansion are the 1Pl Green funcate in situations where the degrees of freedom considered
tions (the full propagators and verticesf the theory. Thisis correspond also to asymptotic states and the anomalous di-
the strategy that is naturally followed in the study of mensions are small. As noted above, one obtains a set of
Schwinger-Dyson equatior89]. coupled partial differential equations for functions that de-
The approach using the derivative expansion is technipend on the invariants that one may construct from the fields
cally relatively straightforward and has been used to studyonsideredat vanishing momenja
scalar theories in three dimensidid,22 and at finite tem- On the other hand, an expansion in t@oint functions
perature 32,40, matrix modelg41], the Abelian as well as rapidly becomes technically involved with growimg Con-
an SU(2)-Higgs model in three dimensiof42], and an ef-  sidering only the flow equation for the two-point function of
fective theory for low-energy QCD at finite temperature ina scalar theory at=0, one has to deal with a partial inte-
the imaginary-time formalisnp43]. It is generally appropri- grodifferential equation of the structure

d

J del
A W)= J Fal 7202, 7002 12,(p)]+ f Fo[»2((1+p)).¥201%). 7% 1%.(1p)] (30

(2m)* (2m)¢

corresponding to the diagrams depicted in Fig. 3. In a theorjunctions is strongly modified by interactions.
with vector fields like QCD, the number of invariants that  After this more general review, we will consider self-
make up a specifia-point function is rapidly growing with interacting scalar theories with an f-symmetry at finite
n. So far, this approach has been used to study the two-poiémperature in the following section.
functions of pure Yang-Mills theorj44] and the four-point
function of an effective model for QCP15] (both at vanish-

Which of the above mentioned approaches should be con- SCALAR FIELD THEORY
sidered depends on the physics of the theory under study.
Generally, the derivative expansion will not be useful in situ-
ations where the momentum dependence of the correlati

O(N)-symmetric scalar theories are well studied both in
four dimensions at vanishing temperature as well as in sta-
%fstical physics. The A{) symmetry of the action may be
spontaneously broken at zero temperature. In this case, one
expects symmetry restoration for large temperatures. The
universal aspects of the corresponding phase transition are
very well known from considerations of the model in three
Euclidean dimensiongfor a review, seg19]). Quantities

like the critical exponents are calculated to high orders in the
€ expansion or in perturbation theory at fixed dimensibn
=3, where in both cases Borel resummation has to be used

FIG. 3. Exact flow equation for the two-point function in a to deal with the divergent series. There are also results from

scalar theory. lattice studies available.
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What is less well studied are the nonuniversal aspects like ST Al @1, 5]
L. . ~ F(l) — i (32)
the critical temperature as a function of the zero-temperature A (@) 50
“physical” couplings. To study nonuniversal quantities one ! ¢1= o= p=const.
really has to consider the model at finite temperature. PertuBy virtue of the symmetry
bative studies of the theory at finite temperature are compli- Tk
cated by the bad infrared behavior near the phase transition. Palere2l=—Tilez . ¢1] (33)

Due to this behavior, foN=1, even super-daisy resummed one may derive relations betweanpoint functions with
perturbation theory falsely predicts a first-order phase transitype-1 and type-2 external legs.

tion [4]. Alternatively, one may employ an expansion i1/ In the following we will discuss Q{)-symmetric scalar

In this case the resummation of daisy diagrams yields exadheories. We will label the physical and thermal ghost fields
results in leading order in W/[46] (see alsd19]). One finds  with subscripts as above, and use greek letters as superscripts
a second order phase transition with mean-field values of thtp label the components of the N) vectors @,8, ...

critical exponents3 and 7, whereasv=1+ O(1/N), 6=5 =1...N). We frequently use the ®) symmetry and write
+O(1IN), a=—1+O(1/N) andy=2+ O(1/N) (see below 1
for definitions of the critical exponents p= ch“:p“. (34

As noted in the introduction, there are a number of meth-
ods that correctly predict a second-order phase transition of Now consider the renormalization group equation for the
the finite-temperature theory also fbi=1. Results for the tadpole Eq.(32). Deriving Eq.(26) with respect top] and
critical temperature have for example been givei26,30  setting the fields constant we obtain
and we will compare the corresponding values below.

A d or Ay
- p
IN 5¢7
A. Flow equation for the effective potential . .
As stated in the last section, there is no way to solve the = '_f d’k tr[ K 5o8
TRG equation26) exactly and we have to make simplifica- 2) (2m)*
tions. In the theory under consideration here, many studies Be a Be a
have shown that a good truncation consists in performing a 8T 1001091607 8T\ 1667605 50]
derivative expansion of the effective action and considering ST\ 1605807807 %I\ 18086058¢7] |’

only the first few contributions. This is due to the fact that
the derivative expansion is an expansion in the anomalous (39
dimensionz. In the scalar models considered in the present, .o« the trace is over the “

work, 7 at the critical temperature turns out to be small, . ctitutes the “kernel” of the TRG equatidii0] and cor-

NO'.OS (see the discussion i_n Sec. Il)BAs a first apprpxi—_ responds to thémodified logarithmic derivative of the full
mation one may then work in lowest order of the derlvatlve(cutoﬁ) propagator with respect th (no sum overa)

expansion, neglecting deviations of the kinetic terms from

thermal” matrix structuk&®

their standard form. The errors in the universal quantities (@)~ 1 5T, -

obtained within this approximation should be of the order of KX"=dna| Da +F
. . . . (R Y0

7, i.e., in the case at hand of the order of five percent. This

statement can of course only be magigosteriorj after a sy \ 7Y o

calculation of » has been performed. Since, however, the =—< D! —) ( —DAl)

universal quantities of a theory are independent of the short S ¢ .

distance assumptions, results fpfrom any method may be ST -1

used to estimate the expected correction. X D;1+—A) (36)
In this spirit, we will approximate the effective actidh, Sp“dp”

by its value for constant configurations, the effective poten-

tial V,, and use a standard kinetic term. The effective po-Where??lnA denotes a derivative acting only on the explitit

—1
tential is of course still a function of the fields. We may at dépendence of the free propagaldy~, and we have used
this point use arguments given p§7] to simplify the task of the fact that _the two-point functions are dlagonal ywth respect
calculating the effective potential considerably. The line oft© the ON) index. In lowest order in the derivative expan-
argument goes as follows: The free energy of the theory i;§'znv tgem Tel;?”erg'esth are rea.[anc: tmhor?e;lntum-

: L= o . independent In this case the expression for the full propa-
given by the functional s[ ¢], which is defined a§47] gator, DL+, /6¢6¢)-L, may consistenty be
5FA[(P] ST \[ @1, 05] obtained by replacing\y in Eq. (14) by the full Feynman
= i (31)  propagator,

Op 1

P1=r=¢
1
(a) _
We are itherested. in th.e value of the effective action for AX _kz—m2+H§(“)(k:0,<p)+ie’ (37)
constant field configurations and define the tad@fé(cp)
through with (no sum overx)
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82T, where Ngg denotes the thermal distribution function
H(Aa)(k,qﬁ):m (38)  for bosons. In this case we haved,N,(|k|)
?1 P g = pp=p=const = —Nge(wy) 8(Jk| — A) and the loop integrals are trivial.
and we obtain for the kern¢lL0] We write for the functional,
Al@) A (@ /11 — 1 1
K@ =] —(ap—a%) 222 A INi([K]) _ Talel= | dX) 5m*e?=Vi(g)+ 5Z1(9)(d¢)?
AgA% JA 1 1
0
39 + 1Y (@)(u-dp)2+ ] (44)
— u. “ e
Equation(35) is an obvious generalization of the case of one 2 M ¢

scalar field studied ifi10,32. The trace yields ) i o .
and, working to lowest order in the derivative expansion,

r 8T neglectZ, andY, . We will allow for spontaneous symme-
XY T, lectz, andY, . We will allow f
try breaking along the “1”-direction in the Q\) group,
Y
tr(l 1) Seioeioe] Seldesde] giving rise to a radial(Higgs mode, the fielde®, and N
1 1 8T, 8T, —1 Goldstone modeg“**. This amounts to evaluating the
PV S0P 50%s effective action on a background field configuratigrf
02001001 095607 0¢] =2p5**+ x*(q) and puttingy“=0 at the end. We then
2 have(no sum overa)
=
i1=1 8pf S¢f 5¢ Y,
e ()= me— A2 (45)
_ & STle] 40 de~de
- SpPse®  So7 Dropping the subscripA we find from Eq.(35) that
Considering (Ao—Ag) (A AR/ AAG) for real self-energies d (?V(p) A% Ngelwy)  3V(p) 0(0?)
—— w
we can replacé¢lQ] A PP 4772 01 dp7dptapt 1
A&a)AS\a)* 3
i(Ag—A§)———— =278 K2—m?+ 11 (¢)] —(N—l)A— Npe(w2)
A0lo 472 w3
|2 2_ 17(@)
X@Hkl +m-—1II} ()] 193V(p) @(wz) .
(412) PISZICTIE 2/
and may use E4:33) to write (no sum overa) w41 andw, denote the frequencies of the radial and the Gold-
8T, 52FA stone modes, respectively, i.e.,
()= o= (42)
S0 S¢Sy PV
. . | 1=\ A?+ — = ATV (p) + 2pV"(p):
We finally have to specify the form of the cut-off function dp~dg
fo. In order to be able to do the loop-integral in E85) (47)
analytically, following[10,32 we will choose this function 9V
such that wp=\| A*+———=JA*+V'(p),
dp“do
Nf(||2|): Z @(||2| _A):NBE(‘UK)@(“a —A), where primes denote derivatives with respecptdNe may

finally integrate Eq.(46) with respect top? to obtain the
(43)  flow equation for the effective potential as

d A3
A JV(;O) =—T_—In[1—exp(— BVAZ+V'(p)+2pV"(p))]O[AZ+V'(p)+2pV"(p)]
2

3
—(N—1)T%|n[1—exp(—3\/A2+v'(p))]®[A2+v'(p)]. (48)
ar

In the numerical evaluation we will also use the flow equation for the minimum of the potential in the spontaneously broken
phasepq. This is obtained from the conditioW(p)|pO=0 and reads
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dpo  A° oV 1 1 ,
R O(A“+2peVy
I\ am? Vo | VAZ+2p0Vg A% 2poVg
exp\/—+ —
T2 T2
A% 1 1
+(N-)———F—. (49)
( 472 A \/P
exp ;— 1
As we will see shortly, it is also convenient to define dimensionless quantities in the following way:
A p v d'v —du
= —" _— —_— - _ 3—i l*l_
A T K= AT u AT dpi AT e (50)

The corresponding flow equations read

au 1 N—1
N——=—3u+Uu' k———=In[1—exp—Ay1+u'+2xu")]O(1+u’'+2xU")— InN[1—exp(—Ay1+u')]O®(1+u")
2N 2772 2772
(51
and
Ik A Kkoul® 1 1 A -
—=—kpt+t—| 3+2 O(1+2kqug)+(N—-1)— 52
IN 4 Uy | 1+ 2k0uf V1t 2k005_ 1 472 e —1
|
As was already pointed out 10,32, if one considers the 9 2 3p—p, 3
limit where A2+ V' +2pV" andA2+V’ are both<T? one  Vi_o(p)=—gpop+ §p2+ 5(3p—po)? In 7 5}
recovers the flow equations of the purely three-dimensional 64 Po
theory with a sharp cutoff up to a field independent contri- 2
) . o . X ol . P=po 3
bution. This is the relevant limit in the scaling regime close +(N—-1) (p—po)?lIn ——. (53
to the phase transition and motivates the use of the rescaled 642 2pp 2

variables defined in Eq50). The powers of the temperature
appearing in Eq(50) are identical to those obtained by naive
dimensional reduction, whereas the powersAofvould be
used in the purely three-dimensional theory to make the co
plings dimensionless.

On the right hand side of the flow equatittB) we need the
first two derivatives of the potential with respect poat
arbitrary values of the field. Now from E¢pJ) it is obvious
Yhat the second derivative of the potential has logarithmic
. . . . _singularities afp=p/3 and, forN>1, atp=pg. This is, of
We finally have to give the starting value for the effective course, a well known fact which forces us to define the

potential in the limitA—c. As discussed in Sec. Il, the \enormalized quartic coupling in the massless theory with
effective action in this limit becomes the effective action of \— 1 away from the poinp=0 [48]. As long as we work

the zero-temperature theory. Correspondingly, the startingith 5 polynomial expansion, i.e., as long as we choose to
value for the effective potential should be the full effective yrite the potential as

potential of the theory at vanishing temperature. At this point

we face an obvious problem if we are to use perturbative ~ v(m ~n

results on this quantity. Consider the effective potential of an V(p)=V(p)+2 o (p—p) (54)
O(N)-symmetric scalar theory in the broken phasd at0

as computed, for example, in thdS scheme. Taking the and derive flow equations for the coupling§?, this is no
scale to be set by the zero-temperature tree-level Higggroblem. ForN=1 we may usep=p, and for N>1 one
boson massn§=29po to one loop we have may still proceed as long as one does not expand the poten-
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tial about its minimum. Even in that case, we could, in prin- 010
ciple, avoid any infrared problems by using the perturbative
effective potential evaluated with an infrared cutoff in the
loop integration. This would compare closely to the approach 008 |
followed in [26], where a local polynomial approximation
was used for the potential and the zero-temperature renor
malized couplings were defined at some nonvanishing scale o.0s |
In this work we will restrict ourselves to small values of the
zero-temperature couplings and neglect the quantum correc
tions to the effective potential; that is, as a starting value for  o.04 ¢
the integration of the flow-equatiqd8) we use the tree-level
potential

0.02

g
Vay(p)==9pop+5p* (55)

-18.0 180 80 30 20
This simplification has no effect on the universal aspects of In(A/T)

the critical behavior such as the critical exponents, certain
ratios of critical amplitudes or the scaling equation of state.

For nonuniversal quantities such as the critical temperature

we will have corrections from thellogarithmig four-
dimensional running of the couplings. These corrections 4,
should, however, be small for the values of the couplings
considered in the present work. We now discuss the result:

of a solution of the flow equations given in Eqg48)—(52) 08
with the starting value given by E@55) [or the correspond-
ing scaled potential according to EGO)] for different val-

ues ofN. 0.6 |
Po

B. Numerical results 04

For the numerical work the methods proposedl4fi] are
employed. We derive flow equations farf («) and u”(«)
from Eq.(51) and evaluate them at equidistant poirts In
the flow equations we need the valueuf «;) andu”(«;)
at these points, which are obtained through matching condi-

0.2

0.0 !
tions. These conditions are derived by considering a fourth 0.0 20 40 6.0 8.0 100
order polynomial expansion around every pointand by AT
imposing continuity foru”(«;) andu”(«;) at half distance FIG. 4. Upper panel: The dimensionless minimum as a function

between neighboring points. In the broken phase the distancst In(A/T) for various values of the temperature aroufd For
between the different points; is additionally scaled by the temperatures abovE,, the minimum vanishes at some finite scale
value of the minimum. This procedure goes considerably beA g ny,; for T<T, the dimensionless minimum diverges &s-0.
yond using a global fourth order polynomial expansion of theLower panel: The dimensionful minimurp, [in units of po(T
potential because higher order derivatives are not simply ne=0)] as a function ofA/T. For temperatures below the critical
glected. temperature, the dimensionful minimum approaches a constant

We start by discussing the results for the case of on&alue that is a decreasing function of the temperature until it van-
scalar field, corresponding to the Ising model of statisticalshes atT. as A—0. For low temperatures, thermal fluctuations
mechanics. The first question concerns the order of the phaédy effectively no role ang, almost remains at the starting value.
transition. As was already pointed out above, daisy-
resummed perturbation theory fails in predicting the correctiround the critical onéwe have choseg=0.1 her¢. We
critical behavior of the theory in this case. In the frameworkstart the evolution of the potential at some large value of
of thermal renormalization group equations, the clsel  A/T in the broken phase, whepg(T=0) is used to set the
has already been addressed 10,32, where the transition scale and all dimensionful quantities are given in units of
was found to be second order and critical exponents havey,(T=0). For temperatures larger than the critical ¢salid
been given. lines), the minimum vanishes at some nonzero se&lg,m

We display the dependence of the minimum of the potenand the theory is in the symmetric phase. On the other hand,
tial on the external scald at different temperatures in Fig. for temperatures below., the dimensionful minimunp,
4. In the upper panel, the dimensionless minimugrs dis-  approaches some constantas-0 (this is seen in the lower
played as a function of IN/T) for several temperatures panel of Fig. 4, where we display the dimensionful minimum
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115 - ' ' (i) The (unrenormalizefd mass of the order-parameter
field (in the language of statistical mechanics, the inverse
o magnetic susceptibility in zero fieldThe susceptibility di-
oo . verges at the phase-transition, corresponding to a behavior of
the mass according to
110 =
N = T.—
MZ=(C.)* T—‘ . (57)
B ¢
105 | . This defines the critical exponegtand the amplitude€ .. .
The ratioC, /C_ is a universal quantity.
(iil) The quartic couplingg(A—0) goes to zero at the
critical temperature according to
1.00 ! ! T.—T v
0.0 1.0 2.0 3.0 [+
g 9-=lul5— - (58)

FIG. 5. The ratio Tc/T¢1-100p @s a function of the zero-

temperature coupling for N=1. For comparison, results frofg6] ~ The exponent also governs the behavior of the renormal-

are also giver(squares ized mass at the critical temperature. Since we have approxi-
mated the wave-function renormalizations to be constant,
should be equal tg/2.

as a function ofA/T). According to Eq.(50) «, then di- (iii) The cﬁmensionful minimum of the effectiv_e pqtential

verges. We see from Fig. 4 that at the critical temperature{Corresponding to  the spontaneous magnetizatiap-

the dimensionless minimum asymptotically reaches a finit®roaches 0 as the temperature approadhefrom below,

nonvanishing valuex? . As is expected from dimensional Where

reduction and was explicitly demonstrated 82], this value

is the fixed-point value of the corresponding three- T.—T\#

dimensional theory. The phase transition is of second order ¢o=B T. |-

and the theory is in the universality class of the three-

dimensional Ising model. Before turning to the universal be- . . . . .
havior of the theory, let us briefly discuss the critical tem- (iv) Finally, the behavior of the effective potential at the

perature as a function of the zero-temperature coupling. Ou?’”t'c‘leI tgmpiratzure is described for small valuespoby
results on this quantity are displayed in Fig. 5, where we plof'@Mmemberp=2p)
the ratio of T, and the naive perturbative result, given by

(59

v

R s
34 7o Dg°. (60)
Tea- loop™— N+2 \/% (56)

We stress that we are considering the theory explicitly at
finite temperature. Thus one may expect the scaling behavior
o ) encoded in the critical exponents only in the region where
as solid line and compare to the values found in the ERGgimensional reduction is effective. The relati@®) will, for
a_lpproach in the Matsubara formalism[26] as squares. We example, not hold for largep=T, where the three-
find good agreement as expected. dimensional limit is not reached. Effective exponents taking
We finally discuss the results on the universal behavior ag,tg account this “dimensional crossover” are discussed in
obtained from the TRG. The universal critical behavior of a[6] and the second reference [#8]. Our results for the
given field theory is summarized in a number of critical ex- yitical exponents defined above are given in Table I. The
ponents, certain ratios of critical amplitudes, and the scalingesyits for some critical amplitude ratios and critical cou-
equation of statésee e.g[19]). We will start by discussing plings are displayed in Table II. In both tables, we give re-
critical exponents and amplitudes. These quantities encodg,ts obtained by other approaches for comparison. Let us
the behavior of different observables as the temperature apyake some comments regarding the results presented in the
proaches its crij[i_cal value. Specifically, we will consider theigples. We should first note that the exponents may, apart
following quantities. from the possibility discussed above, also be determined
from the scaling equation of state to be discussed below. We
have obtained the value dfin this way. The value is com-
“Note that the results quoted j@6] were obtained with an expo- pletely consistent withd=5, which was found using the
nential cutoff function rather than with th@-function cutoff used  thermal renormalization group, but extractifigaccording to
here. the above definition, Eq60), in [32]. In fact, one can show
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TABLE |I. Critical exponents from different approachebl ( which is defined as the anomalous dimension at the critical
=1). Deviations from the known values a@&(5%), consistent  temperature as. —0. We could improve on the results for
with the neglect of the anomalous dimension. Numerical errors arghe exponents and amplitudes by taking into account the

O(3%) (see text wave function renormalizations, as has been done in the
work listed as ERG in Table . 1h20] the potential was

B Y 4 7 v expanded around the minimum and only a finite number of
This work 0.345 137 4.97 _ 0.67 couplings was keptLPA). On the other hand, the authors
TRG+LPA [10] 357 0015 o058 Wwentbeyond Ieadi_ng order in the derivative expansion._ The
3d ERGFLPA [20] 0333 1.247 0045 0638 LPA Was_dro_pped |r|j21]_, where however the_ Wa\_/e-funcnon
3d ERG[21] 0336 1258 475 0044 0.643 renormallzat!on \-NaS.StI”. assumed to be fleld_ independent.
3d ERGFWFR[22] 0330  1.232 0047 0.631 This approximation is finally also given up i22]. We
Best valued19] 0825 1240 481 0032 0.630 should keep in mind that all these results were obtained in

the framework of a three-dimensional effective theory rather
than in the full temperature-dependent problem.

Let us now discuss the results presented in Table Il. Here
that =5 is the exact solution to the fixed-point equations inwe give the universal ratios of critical amplitud€s_/C_
the three-dimensional theory in lowest order in the derivativeand R, , as well as the universal critical couplings, and
expansior{50]. We may thus use the obtained valuedofo  \g, and the nonuniversal amplitude®, C, and D for
estimate the numerical errors of our results. Another way t@;_,=0.1. The definition ofC.. has been given in E¢57).
check the numerical accuracy is from the deviatiow éfom R, is a universal combination of several nonuniversal quan-
v/2 (see above On the basis of these results we estimate theaities and reads
numerical uncertainty of the results to be3%.

The other exponents given in the table have been deter- R,=C,DB° . (61)
mined in a number of ways: We have determiggztom Eq.
(59) above and from the scaling equation of state and foungye have extracted the numbers for the amplitudes used here
values of 0.3458 and 0.3451 identical within the numericakrom the equation of state to be discussed below. We have
accuracy.y was obtained from the definition given in Eq. also extracted the rati€. /C_ from the behavior of the
(57) and from the asymptotic behavior of the Widom scalingunrenormalized mass as given in E§7). In this case we
function parametrizing the equation of state. We find 1.36Sind C, /C_=4.58, consistent with the value quoted in the
from the EOS, 1.368 from Eq57) if T, is approached from taple. As noted in the discussion of the critical exponents,
above, and 1.369 if we approach the critical temperatur@nd also in the case of the amplitudes, the major source of
from below. Finallyv is obtained from Eq(58) to be 0.679  error is the derivative expansion used here, as may be seen
coming fromT>T_ and 0.663 foilT— T, from below. All in by again comparing with the results given[22].
all, the critical exponents are rather robust with respect to  The universal critical couplings given in the table are de-
details of the numerical procedure. The deviation from thefined by (¢ is the dimensionless field here
best values given also in Table | is due to the approximations

made in reducing the exact renormalization group equation SN
to the flow equation for the effective potential, E@8), V(p)= E _I”(pn (62
namely the neglect of higher orders in the derivative expan- n=2 N:

sion. The numerical deviations are consistent with the expec-

tation on the basis of the value of, as discussed in Sec. and are taken at the critical temperature, i.e., in the scaling

[II A and are of the order of five percent. limit. A4, and\g, are thus simply related to the second and
The neglect of higher orders in the derivative expansiorthird derivative of the potential at the critical temperature

also prevents us from studying the critical exponsritself, ~ with respect top. The values given for comparison have

TABLE II. Critical amplitude ratios and couplings from different approachis=(L). The last three
entries are nonuniversal. Deviations from the known values{&2), consistent with the neglect of the
anomalous dimension. Numerical errors &3%) (see text

c./C_ R, Nag Nex B C, D
(97-0=0.1)

This work 4.50 1.76 19.6 1725 1.05 0.54 2.73
3d ERGHLPA [20] 27.8 1311

3d ERG[21] 4.29 1.61

3d ERG+WFR [22] 4.966 1.647

Monte Carlo[24] 23.3 1476

Best valueg19] 4.95 1.65
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been found through the ERG, using a local polynomial ex- 9.0 ' ' ' '
pansion and on the lattice, in both cases working in three
dimensions.

Let us then turn to the scaling equation of state. In the ,
language of statistical mechanics the equation of state relate
the temperature, the order parameter, and the external fielc s.0
In the present setting, the external fiditlis given by H
=V'(p) ¢ and the equation of state has the following scaling g %°
form: S

8.0

4.0
oV T-T 3.0
——=(V2p)" H(x); x=—=—(2p)" Y. (63
P Te 2.0
The functionf(x) is known as the Widom scaling function 1.0
and is universal up to normalization and a rescaling.dt . . . .
encodes information about the universal critical behavior and %% -25 05 15 35 5.5
several amplitudes and critical exponents may be obtainec In(x)

from f in different limits. For the amplitudes and exponents FIG. 7. f(x) for N=1 in the symmetric phase compared to the
treated above, we have the following relations involving thethree-dimensional ERG results frof1] for different normaliza-
equation of state: The value batx=0 gives the amplitude tions (see text for details

Dy

We have pointed out that the normalizationfafnd ofx
are nonuniversal. In the following figures, we will compare
our results with results from exact renormalization group
equations in three dimensiof2l], and with results from
Monte Carlo simulations in the brokd@5] and symmetric

lim f(x)=D. (64)

x—0

The asymptotic behavior dfin the symmetric phase is

lim f(x)=(C,) x”. (65  phas€24] (Fig. 6). In order to do so, we fix the normaliza-
X— o tion by demanding equality of the results given in the form

The amplitudeB and the critical exponeng are related to  ©f @ numerical fit in[21] and approximate polynomial ex-

the zero off in the broken phase through pressions in[25,24 with our results for two values ok.

f(—B~Y8)=0 (66) Since the lattice simulations used for the comparison were
N obtained on different lattices we have used different rescal-
and the amplitud€ _ is obtained from the zero dfand the ings for the Monte Carlo results in the left and right panels in
value of the derivative at the zero through Fig. 6, corresponding to the broken and symmetric phase
1 respectively. In order to have a fair comparison of the results
(C_)*lzg f'(—B - YB)BI-1-1E, (67)  from[21] with the lattice results in both phases, we have also

rescaled these results differently in both panels.

In principle, for a comparison of our results with the ones
of [21], we only have two free parameters corresponding to
two values ofx where equality may be imposed. Thus we
present in Fig7 a comparison of our curve with the curve
given by[21] for different normalizations: The solid line in
Fig. 7 corresponds to our result in the symmetric phase. The
short dashed line is the same as in the right panel of Fig. 6,
obtained by equating the results at two valuesxah the
symmetric phase, whereas the dashed-dotted line is the result
from [21] if we use the two values ot from the broken
phase(left panel of Fig. 6 for normalization for the whole
range ofx.

The curves obtained in this work and the results given in

R PR A [21] are almost identical in the broken phageft panel of

3.0 25 -20 -156 -1.0 05 0.0 45 25 -05 15 35 55 . . . . .
In(x) In(x) Fig. 6) and show only a slight deviation in the symmetric

FIG. 6. The logarithm of the Widom scaling functidiix) for ~ Phase for largex, connected to the different results for the
N=1 (solid line9. The left panel shows(x) in the broken phase, Critical exponenty (see Table )l The agreement with the
corresponding tx<0 whereas the right panel givésn the sym-  results from lattice simulations is rather satisfactory, as was
metric phase. The short dashed lines are from the ERG in threglready noted irf32] for the broken phase. In view of the
dimensions[21], the long dashed lines give results from lattice Sizable deviations of results obtained in the framework of the
simulations(broken phase:25], symmetric phasg24]). € expansion or other perturbative approaches from the lattice

In(f)
In(f)
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1.10 ; . 1.0
1.08 |
1.06 - =) g
. g g
EE
[\;a 1.04 B
102 + .
25 e 0.0 ‘ . . :
-40 -35 -3.0 25 20 -1.5 -1.0 60 -40 -20 0.0 20 4.0
In(-x) In(x)
1.00 . . FIG. 9. The Widom scaling function fa¥=4 (solid line) in the
0.0 1.0 20 3.0 broken(left pane) and the symmetri¢right pane) phase. For com-
8 parison we give the suitably normalized results frgBi] (dashed

FIG. 8. The ratio T /T¢1 o0p @S @ function of the zero- |ing).
temperature coupling for N=4. For comparison, results frof6)

are also given. we collect the values together with some results from other

resultsS this is a nontrivial achievement. The deviation in the @Pproaches in Tables Ill and IV.
asymptotic behavior for large positivein Fig. 6 is of no Considering the Widom scaling function, we again ob-
concern. In this region the approximate polynomial expresserve from Fig. 9 almost perfect agreement of our re(shié
sion given in[24] is incompatible with the known behavior Solid curve with results from the ERG given ifb1] (dashed
corresponding to Eq(65—it would give an exponenty curve in the broken phase. In the symmetric phase, there is
=2 in contrast to the known resultable . a slight deviation for large, which again is due to the dif-

After presenting detailed results fof=1, we now pro- ferent values fOL!nd for the exponeylt(Table ”l) In Flg 9,
ceed to a study of the casé=4. This case is interesting, W€ havg .normallzed the results frdidl] to our results for
since it is expected to govern the universal behavior of théWo positive values ok close tox=0. A comparison of the
two-flavor chiral phase transition in the chiral limit. The ar- résults from the ERG and results from other approaches in-
guments in favor of this conjecture rely on dimensional re-cluding lattice ande expansion may be found if61] and
duction and the fact that in the imaginary-time formulation,2gain shows that the lattice results on the equation of state
the fermionic degrees of freedom obey antiperiodic boundargompare well with results from the Wilson renormalization
conditions and thus have no static modes. The infrared bedroup, whereas the expansion differs from the Monte Carlo
havior should then be dictated by the bosonic excitationgesults.
alone, which in this case are the pions and the “signif@t For the critical exponents given in Table Il we note a
a more complete discussion of the two-flavor chiral phasélightly larger deviation of our values from those obtained
transition in the imaginary-time formalism in the chiral limit from the lattice[53] or from higher order perturbation theory
and also away from the chiral limit see e[43]). We should [52]. Although the values obtained from the ERG in different
also mention that due to the existence of massless degrees@jproximations also show a larger deviation than was ob-
freedom in the broken phase away from the critical temperatained forN=1, in the caseN=4 our results differ also
ture, perturbative calculations fdt>1 are even more infra- from the ERG results by up to 10%. There are a number of
red problematic than for the case discussed above. reasons for this deviation. First, as in the casé\efl, the

We start our discussion by plotting the critical tempera-derivative expansion induces an error in the critical expo-
ture as a function of the zero-temperature couplg(@ nents. We expect the error, from the neglect of the wave-
=0) in Fig. 8(solid line). We again display for comparison
the values obtained by Tetradis and Wetteli2b]. As for TABLE lII. Critical exponents from different approache! (
the caseN=1, we find excellent agreement of the results. =4). Deviations from the known values a€&(10%), consistent

Next we turn to the critical equation of state. This is dis- with the neglect of the anomalous dimension. Numerical errors are
played in Fig. 9, where, as fdd=1, we display Inf) as a  O(3%) (see text
function of In) in the symmetric phasext0) in the right

panel and as a function of Ir) in the broken phasex( B k4 9 7 v
<0) in the left panel. As discussed above one, obtains critithis work 0433 173 5.0 _ 0.86
cal exponents and amplitudes from the scaling function, andy erc+Lpa [20] 0409 1.556 0.034  0.791
ITF ERG[51] 0.407 1548 4.80 0.0344 0.787
3d PT[52] 0.38 1.44 4.82 0.03 0.73
SFor a comparison of the lattice results with results of éhex- 3d MC[53] 0.384 1.48 485 0.025 0.748

pansion, se¢25,32.
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TABLE IV. Critical amplitude ratios and couplings from differ- Finally, we consider th&l dependence of the critical tem-

ent approachesN=4). The last three entries are nonuniversal. perature to compare with the leading order result of the
Deviations from the known values a€¥10%), consistent with the largeN expansion. In Fig. 10 we have plotted our values for
neglect of the anomalous dimension. Numerical errorsC@%)

g(T=0)=0.1 as a function oN, where again the critical
(see text temperatures are given in units gp, (solid line). For com-
parison, the dashed line shows the result that is obtained in
C/C Ry Maw Mex B Cs D leading order in I [46]
(97-0=0.1)

. (68)

This work —~ 138 94 475 1.81 0.0797 1.62 >4 1
ITF ERG[51] - 102 Te= W\/RJFO e

function renormalizatiorZ , , to be responsible for most of Naive perturbation theory yields E¢56), which is consis-
the difference between the values found in the present wortent with our results on the level of 1-2 % for the small
and the ones given if20] and[51]. We also used a local value of gr_,=0.1 chosen herg¢see Figs. 5 and 8 for a
polynomial expansion for the effective action to calculate incomparison ofT. with Eq. (56) as a function of the cou-
the three-dimensional effective theory how much the choiceling]. Also given are the results from the ERG in the
of a ®-function cutoff in Eq.(43) affects the resulin lowest  imaginary-time formulatior{26] as squares. Again we ob-
order in the derivative expansiprn principle, the choice of serve good agreement, as was already seen in Figs. 5 and 8.
the cutoff function has no effect on the results if one solvedt is interesting that we can also study the limit—0
the full RG equation. Since we have to make approximastraightforwardly.

tions, a slight cutoff dependence is expected. In the case we

have checked, the results for the critical exponents using a

sharp cutpff and using an exponential cu_toff, which are usu- IV. CONCLUSIONS AND OUTLOOK

ally used in the framework of the ERG, differ by about three

percent. We have discussed the finite-temperature phase transi-
There is, however, an additional contribution in first ordertions of self-interacting scalar theories, which have a spon-

in the derivative expansion fdi>1, being of the structure taneously broken @{) symmetry at vanishing temperature.

ZA(p) 00 3?@P P, This term should account for much of We have used an implementation of the Wilsonian renormal-

the remaining difference to the exact exponents. ization group approach for field theory in thermal equilib-
The same remarks apply to the universal amplitude ratigium in the Schwinger-KeldystCTP) formulation[10].
R, Which is compared to the value found[i61] in Table We have reviewed and discussed this “thermal renormal-

IV. In view of these uncertainties, the values for the expo-Zation group” (TRG) approach in Sec. Il. The approach has
nents and amplitudes found in the present work are consig Number of advantages as compared to the more common
tent with the expectations, although they certainly leaveRG a@pproach in the framework of imaginary-time thermal
room for improvement along the lines discussed above. field theory: I't alllows for the dqe_ct computation of re_all—tlme
observables in field theory at finite temperature, avoiding the
need for analytical continuation. Thus quantities like thermal
damping rates and the like are easily accessible and first
results may be found in the literatufd1]. As for the
imaginary-time RG approach, the method is nonperturbative
and allows for the treatment of situations in which perturba-
tion theory fails, which is typically the case near second
order phase transitions or in strongly coupled theories.
Since the real-time formulation of thermal field theory
clearly distinguishes thermal and quantum-fluctuations and a
cutoff is only introduced for the thermal fluctuations, one
obtains a direct connection between the physical couplings
of the theory at vanishing and at nonvanishing temperature
and there is no need to take into account zero-temperature
renormalization scheme dependencies. Furthermore, the
TRG manifestly respects gauge invariance.
00 o ~ 3 1000 F_mally_, afte_r a straightforward generallzatlon of th_e for-
malism given in Sec. Il, the TRG may easily be applied to
N field theory at finite densitychemical potentialor to theo-
FIG. 10. T, in units of \p, as a function ofN for g(T=0) ries with a nonthermal density matrix. The method thus of-
=0.1(solid line). For comparison, results frofi26] (squares and  fers a nonperturbative approach for the study of a number of

the result of an expansion inN/are also given. Our results are very interesting questions in field theory in a hot and possibly
well reproduced by the naive perturbative regai) for all N. dense environment.
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The main part of the present work is concerned with theERG in imaginary timg26] (Fig. 8). For this case, results
application of this formalism to @{)-symmetric scalar theo- from the environmentally friendly RG or the auxiliary mass
ries in 3+ 1 dimensions at temperatures near the critical onemethod are not available.

We have given extensive discussions of the cased and Concerning the critical behavior, we again find a scaling
N=4, which are especially interesting for a number of rea-form of the equation of state in very good agreement with the
sons. The cashl=1 in three dimensions corresponds to theresults from the exact renormalization group as givefbij
well known Ising model. The electroweak sector of the stan{Fig. 9 but a somewhat larger difference in the critical ex-
dard model is in the universality class of the Ising model ifponents and amplitude ratig$ables Il and I\J. We have
the zero-temperature Higgs mass is at its critical valueargued that this situation should improve going to higher
~70 GeV[18]. order in the derivative expansion.

We have given the critical temperature in terms of the Finally, we have given the critical temperature as a func-
scalar self-coupling at =0 and found good agreement with tion of N for a large range oN, using a small value of the
results found from the exact renormalization group in thezero-temperature couplingr—o=0.1 (Fig. 10. We are able
imaginary-time formulation26] (Fig. 5. The results dis- to study the limitN—O, which is of interest for statistical
agree with the values found in the environmentally friendlyphysics, and find results consistent with the values obtained
RG [30] but are consistent with results from the auxiliary from the exact renormalization group in the imaginary-time
mass method31], where the latter yields results that are formulation and also with naive perturbation thebry.
basically identical to the perturbative values for couplings up Altogether the TRG has proven a useful and flexible tool
to g=1/3 (Fig. 3 of the last reference $81]). Although the in the study of field theory at finite temperature. It allows for
approach of30] differs from the one used in the present the study of universal and nonuniversal quantities and may
work, the discrepancies of the results on the critical temperabe extended to theories involving gauge field4] and fer-
ture are somewhat surprising and should be further undemions or to situations at finite density or more general den-
stood. sity matrices. It offers a nonperturbative way of studying

We have discussed the critical behavior of the theory atlimensional reduction and furthermore allows for the inves-
length, focusing on the universal aspects encoded in criticdlgation of real-time quantities and questions related to the
exponents, amplitude ratios and the scaling equation of statdynamics of systems at finite temperature.

(Tables I and Il, Figs. 6 and)7Whereas the exponents found

in the present work are not as accurate as the results found

from Borel-resummed expansion and other methods work- ACKNOWLEDGMENTS

ing directly in the three-dimensional effective model, the ) o
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After the discussion oN=1, we have turned to the case
N=4, which is presumably in the same universality class as
the chiral phase transition in the case of two massless flavors Sone should note that perturbation theory beyond the leading term
We find a similar situation as in the case Nf=1: The fails to reproduce the dependence of the critical temperature on the
critical temperatures are compatible with the results from theoupling constanf30].
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