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Thermal renormalization group equations and the phase transition of scalar O„N… theories

Bastian Bergerhoff* and Ju¨rgen Reingruber†

Institut für Theoretische Physik, Technische Universita¨t München, James-Franck-Strasse, D-85748 Garching, Germany
~Received 3 February 1999; published 27 October 1999!

We discuss the formulation of ‘‘thermal renormalization group equations’’ and their application to the finite
temperature phase transition of scalar O(N) theories. Thermal renormalization group equations allow for a
computation of both the universal and the nonuniversal aspects of the critical behavior directly in terms of the
zero-temperature physical couplings. They provide a nonperturbative method for a computation of quantities
such as real-time correlation functions in a thermal environment, where in many situations straightforward
perturbation theory fails due to the bad infrared behavior of the thermal fluctuations. We present results for the
critical temperature, critical exponents and amplitudes as well as the scaling equation of state for self-
interacting scalar theories.@S0556-2821~99!01720-8#

PACS number~s!: 11.10.Wx, 05.70.Ce, 05.70.Fh, 11.15.Tk
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I. INTRODUCTION

In recent years, the study of field theories in a therm
environment has become increasingly popular@1#. The inter-
est in this field has increased for a number of reasons. F
the experimental side, the study of strong interactions at h
temperatures and densities has been taken up by mea
heavy-ion collisions. In order to theoretically understand
outcome of such experiments, we have to learn how to t
field theory in a hot and dense environment. Thermal fi
theory also plays an important role in astroparticle phys
Questions concerning the physics of the very early unive
can usually only be addressed if the impact of the temp
tures on the properties of matter are taken into accoun
famous and, in recent years, extensively discussed que
concerns the phase transition that might have been assoc
with the restoration of the electroweak symmetry1 at tem-
peratures of the order of 100 GeV. Another interesting ph
transition is the transition from the quark-gluon plasm
phase of quantum chromodynamics to the low energy ph
where confinement applies and the~approximate! chiral sym-
metry of the standard model is broken. This transition h
taken place at temperatures of the order of 100 MeV an
expected to be experimentally accessible with the next g
eration of heavy-ion colliders. It is also an interesting op
question of particle physics applied to astronomy of whet
a quark-gluon plasma is realized in the interior of neutr
stars.

A large number of open problems are connected to n
equilibrium phenomena. In the physics of the early unive
this concerns, for example, the question of reheating aft

*Email address: bberger@physik.tu-muenchen.de
†Email address: reingrub@physik.tu-muenchen.de
1We know by now that in the framework of the standard mo

there was no phase transition@2#. This does not however exclud
phase transitions in extended models like the minimal supers
metric standard model.
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~hypothetical! inflationary phase. Also, heavy-ion collision
may not yield a thermalized state and one should, stric
speaking, consider QCD out of thermal equilibrium. Final
it is of interest to study the dynamics of phase transitions
various contexts.

In marked contrast to the number of situations in whi
thermal ~or more general nonequilibrium! field theory is of
relevance is the number of open fundamental questions.
is due to the fact that in many situations, even in the simp
equilibrium case, the well established methods of pertur
tion theory fail due to a modified infrared behavior of th
theory. Famous examples of the infrared problems are
observation of Linde@3# that the free energy of a non
Abelian gauge theory is not computable in perturbat
theory beyond three-loop order~irrespective of the size o
the coupling constant!, or the fact that even super-daisy r
summed one-loop perturbation theory fails to predict the c
rect critical behavior of self-interacting scalar theories, ev
if they are weakly coupled at vanishing temperature@4#. Al-
though the physical mechanisms behind the abo
mentioned problems are quite different, both problems m
be traced back to the fact that the behavior of bulk obse
ables like the free energy or of theories close to a sec
order phase transition is governed by three-dimensio
physics~if the underlying zero-temperature theory is form
lated in 311 dimensions!.

We then have to devise methods that are able to cope
this effective change of the relevant degrees of freedom. O
such method in principle is lattice field theory, which may
used to study time-independent quantities like the free
ergy also at nonvanishing temperature. Lattice studies
field theory at high temperature are, however, often com
cated by the existence of widely separated scales and the
as yet no formulation of lattice field theory that can deal w
finite density or time-dependent quantities.

Another way of dealing with theories where the releva
degrees of freedom are scale dependent is provided by
renormalization group~RG!. This is a well known fact in
statistical physics, where the Wilsonian form of the ren
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malization group@5# is widely used in the study of critica
phenomena. In the context of field theory, there are differ
implementations of the general RG idea. These range f
the ‘‘environmentally friendly’’ RG ~@6# and references
therein! which is a variant of the Callen-Szymanzik RG, v
the ‘‘auxiliary mass method’’@7# to continuum implementa
tions of the Wilsonian approach, initiated in a field-theo
context by Polchinski and others@8#. This approach has in
recent years been applied to a number of problems in fi
theory both at vanishing and nonvanishing temperature
is now also known as the ‘‘exact renormalization gro
~ERG!’’ approach@9#. The ERG approach is a nonperturb
tive formulation of field theory, and by construction avoi
any infrared problems irrespective of the dimensionality
the system under study. It is formulated in Euclidean sp
and may be straightforwardly adapted to study thermal fi
theory in the ‘‘imaginary-time’’ or Matsubara formalism.

Recently, an implementation of the Wilsonian renorm
ization group in the real-time formulation of thermal fie
theory has been proposed@10#. This ‘‘thermal renormaliza-
tion group’’ ~TRG! has a number of advantages as compa
to the ERG applied to thermal field theory. Even though
formulations of field theory in the imaginary and the re
time formalism are, in principle, equivalent and one c
compute any quantity of interest in both approaches, in p
tice, recovering Green-functions at real-time arguments fr
their expressions at discrete imaginary energies through
lytical continuation is often tedious. Moreover, in practic
applications of the Wilsonian RG results will usually be o
tained numerically, making analytical continuation impo
sible. Thus, in order to study quantities like damping ra
and the like@11#, a real-time formulation of thermal field
theory is mandatory.

Also, in the real-time formalism there is a clear separat
between ‘‘thermal’’ and ‘‘quantum’’ fluctuations. A cutoff is
only introduced for the thermal fluctuations such that
renormalization group equations are nontrivial only forT
Þ0. The starting value for the effective action is then t
full physical effective action of the theory at vanishing tem
perature. This feature essentially prevents us from study
theories that are strongly interacting already atT50 and
may thus seem like a major shortcoming. On the other ha
in situations where the zero-temperature theory is wea
coupled this apparent shortcoming turns into an advant
In such a situation the calculation of nonuniversal quantit
such as critical temperatures, in terms of the measurable
plings of the theory in the framework of the ERG requires
two step procedure, where one first has to relate phys
quantities at zero temperature to the parameters of the ac
These parameters are renormalization scheme dependen
one has to perform perturbative calculations using the E
formulation @12#. In situations where two-loop accuracy
required to fix the ambiguities of such a calculation, th
procedure is highly nontrivial and has only been perform
in simple models@13# until now.

Another advantage of a formulation of RG equations w
a cutoff introduced only for the thermal modes is the fact t
this can be done while respecting manifest gauge invaria
@14#. The general formulation of Wilsonian RG equatio
10503
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relies on a separation of ‘‘hard’’ and ‘‘soft’’ modes by mean
of an external scale which acts as a momentum cutoff. T
procedure is in general not consistent with gauge-invarian2

~see@16# for a different approach circumventing this pro
lem!, and one obtains generalized Slavnov-Taylor identit
that may be interpreted as fine-tuning conditions that hav
be respected in order to regain Becchi-Rouet-Stora~BRS!
invariance of the physical effective action@17#. In the frame-
work of the TRG one avoids this problem since only t
physical fields have thermal fluctuations. Manifest gauge
variance severely restricts the form of possible contributio
to the effective action and thus helps in making sensi
approximations~see the discussion below!.

In the present paper we present an extensive applica
of the TRG to the critical behavior of the simplest nontrivi
field theories in 311 dimensions, scalar self-interactin
models with a~at zero temperature spontaneously broke!
O(N) symmetry. Despite their simplicity, already these the
ries are not accessible in straightforward perturbation the
for temperatures close to the critical one. O(N)-symmetric
scalar theories have a number of applications, both in
context of statistical physics and in particle physics. In s
tistical physics, these models are used, for example, for
description of polymers~in the limit N50), the liquid-vapor
transition (N51, the Ising model!, the transition of helium
to a superfluid state (N52) or ferromagnetic systems~the
Heisenberg model,N53). In particle physics, the mode
with N54 at zero temperature describes the scalar par
the Lagrangian of the standard model. At nonvanishing te
perature the theory with one scalar field shows the sa
universal behavior as the standard model for the criti
value of the zero-temperature Higgs boson mass@18#. For
N54 the universal behavior should be the same as tha
the chiral phase transition in theNf52 chiral limit of QCD.

The universal behavior of the theory may be studied
rectly in three dimensions. There are accurate results on c
cal exponents from methods like~Borel-resummed! e expan-
sion, from perturbative calculation at a fixed dimensio
from a resummed high-temperature series or from lat
studies~for a review, see@19#!. There are also a number o
studies using the ERG directly in three dimensions~for ex-
ample@20–22#!. Also the scaling equation of state~EOS! has
been widely studied in the three-dimensional theory~@21–
25#, see also@19#!.

On the other hand, the number of studies of the full
11)-dimensional theory at finite temperature close to
phase transition is rather limited. Results on the critical te
perature and exponents in the ERG approach are give
@26–29#, and forN51Tc , exponents and critical amplitud
ratios have been studied by means of the environment
friendly RG in @30#. The critical temperature and some e
ponents have also been obtained through the auxiliary m
method in@31#. Results for critical exponents from the TR

2There is a formulation using the background-field approa
where one can keep manifest gauge invariance with respec
background-gauge transformations@15#.
6-2
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THERMAL RENORMALIZATION GROUP EQUATIONS AND . . . PHYSICAL REVIEW D60 105036
have been given forN51 in @10# and critical exponents, a
well as the equation of state forN51, have been obtaine
from the TRG in@32#. We here extend these studies to ar
trary N and, furthermore, give critical temperatures, the sc
ing form of the equation of state, as well as critical amp
tudes in terms of the zero-temperature couplings for
casesN51 andN54. For reasons to be discussed belo
our results on the universal critical behavior are not as ac
rate as the existing results obtained in the effective thr
dimensional theory. On the other hand, the present w
does not rely on universality arguments and the approxi
tions made in the present paper may be improved. The T
also allows for the direct computation of real-time quantit
and offers a convenient nonperturbative tool to study fi
theory in a hot and—after a straightforward extension of
method—possibly dense environment.

The format of the paper is as follows: In the next sect
we give a review of the formulation of the thermal renorm
ization group equation and discuss some general points
garding the possibilities of approximately solving equatio
of this general type. Here we can rely on experience gai
from the study of the Euclidean exact renormalization gro
equation. In Sec. III we apply the method
O(N)-symmetric scalar theories. After deriving the flow
equation for the effective potential we discuss in detail
phase transition forN51 andN54. We compare our result
for the critical temperatures, critical exponents and am
tudes, and the scaling equation of state with different res
given in the literature. We also discuss the dependence o
critical temperature on the number of fields and comp
with the expectations from large-N and naive perturbation
theory.

Section IV contains our concluding remarks.

II. THE THERMAL RENORMALIZATION GROUP
EQUATION

In this section we discuss the derivation of the therm
renormalization group~TRG! equation@10# and some more
general points on its relevance and strategies for its appr
mate solution.

The basic objective of thermal renormalization gro
equations in the framework proposed in@10# is to use the
Wilsonian RG approach in the real-time formulation of the
mal field theory in order to have access to real-time corre
tion functions, avoiding the need for analytical continuatio
Wilsonian renormalization group equations are generally
very useful in Minkowski space, since the connection b
10503
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tweenk2 and ‘‘softness’’ of modes is lost. On the other han
in many situations the problematic behavior of perturbat
theory at finite temperature is only due to the thermal mod
and the dynamics of the theory in the vicinity of a pha
transition are governed by three-dimensional classical sta
tics. To deal with this particular problem, one may use
fact that in real time the propagators clearly discrimina
between ‘‘thermal’’ and ‘‘quantum’’ fluctuations to intro
duce a cutoff only for the thermal fluctuations, leaving t
quantum contribution to the propagator untouched.

A. Formulation of the TRG equation

Field theory, not necessarily in a thermal equilibrium sit
ation, may be formulated using the Schwinger-Keldysh
closed time-path~CTP! formulation @33#. Here one is inter-
ested in expectation values of operators with respect to s
general density matrix rather than in scattering amplitud
i.e., matrix elements of the form̂outu in&, as in the more
conventional approach to field theory at vanishing tempe
ture. In the CTP formalism one thus considers matrix e
ments of the form̂ inu in&. In order to be able to derive cor
relation functions at different times, one defines t
generating functionalZ which should now depend on tw
sources~in the case of one real field!: J1 andJ2, by inserting
a complete set of states at some timet as

Z@J1 ,J2#5E dF^ in,t0uF,t&J2
^F,tu in,t0&J1

, ~1!

where all states are in the Heisenberg picture andZ of course
depends on the initial state of the system. One may introd
the path-integral representation for the transition matrix e
ments^ in,t0uF,t&Ji

as usual to find

Z@J1 ,J2#5E dF^ in,t0uT* expS 2 i E
t0

t

d t̄d3xJ2fHD uF,t&

3^F,tuT expS i E
t0

t

d t̄d3xJ1fHD u in,t0&, ~2!

where T and T* represent the time- and the anti-tim
ordering operator respectively andfH are Heisenberg fields
Note that the sourcesJ1 andJ2 have to be different in orde
to obtain time-dependent correlation functions.

Finally, one may also formulate the generating function
by introducing the density matrixr that characterizes the
initial state. The generating functional then simply is the e
semble average of the product of the time- and anti-tim
ordered exponentials and we can write
Z@J1 ,J2 ,r#5N TrH rFT* expS 2 i E
t0

t

d t̄d3xJ2fHD GFT expS i E
t0

t

d t̄d3xJ1fHD G J
5E dfdf8dF^f,t0uruf8,t0&^f8,t0uT* expS 2 i E

t0

t

d t̄d3xJ2fHD uF,t&^F,tuT expS i E
t0

t

d t̄d3xJ1fHD uf,t0&.

~3!
6-3
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BASTIAN BERGERHOFF AND JU¨ RGEN REINGRUBER PHYSICAL REVIEW D60 105036
Derivatives ofZ with respect to the sources thus gener
ensemble averages~expectation values! of products of
Heisenberg fields. Because of the introduction of the t
independent sources and the fact that we are computing
trix elements between ‘‘in’’ states at equal time, while inse
ing a complete set of states at a different timet and using
time- and anti-time-ordered exponentials, the integrat
contour is a closed path fromt0 to t and back, thus giving
rise to the name ‘‘closed-time-path’’ formulation~Fig. 1!.
Finally we go over to a path-integral representation of
transition elements and write

Z@J1 ,J2 ,r#5E df1df2^f1 ,t0uruf2 ,t0&exp@ i ~S@f1#

2S* @f2#1J1f12J2f2!#. ~4!

Up to now, the initial state is completely unspecified. Inde
the matrix element̂f1uruf2& will be some functional of the
configurationsf i(xW , t̄ 5t0), which may be written as

^f1 ,t0uruf2 ,t0&5 exp~ iK @f1 ,f2# !

5 expF i S K1E d3kKafa

1 1
2 E d3kd3pKabfafb1••• D G , ~5!

where we use a compact notation witha,b51,2 and metric
cab5diag(11,21). We may then treat the coefficien
Kab . . . as sources for the corresponding composite opera
and write the generating functional as

Z@Ja,K,Ka,Kab, . . . #5E df1df2 exp@ i ~S@f1#

2S* @f2#1Jafa1K1Kafa

1 1
2 Kabfafb1••• !#. ~6!

Having specified the density matrix, i.e. the sourcesKab . . . ,
one may then proceed along the lines of@34# in order to
obtain, for example, a perturbative series.

In the present paper we will be interested in systems w
a density matrix of the general form

r f5C expS 2E d3k

~2p!32vk

f ~ ukW u!ak
†akD , ~7!

wherea† anda are creation and annihilation operators of
free scalar field respectively. Equation~7! is a slight gener-

FIG. 1. The Schwinger-Keldysh contour in the complex tim
plane. The lower part of the contour is infinitesimally shifted belo
the real axis.
10503
e

o
a-

-

n

e

,

rs

h

alization of the corresponding thermal density matrix whi
obtains for f (ukW u)5bvk . @We may interpret Eq.~7! as the
density matrix of a system in which each mode of the field
at a different temperature given byTk5vk / f (ukW u). We will
come back to this interpretation below.# For the above den-
sity matrix, the matrix elements of^f1uruf2& are given by
@35# as

^f1ur f uf2&5C expH 2
1

2E d3k

~2p!3

vk

sinhf ~ ukW u!

3@~f1
21f2

2!coshf ~ ukW u!22f1f2#J . ~8!

We observe thatKa as well asKabc and all higher derivatives
of K@f# vanish in this case. The constant is absorbed in
normalization of the generating functional. The fact that on
terms quadratic infa appear in the density matrix element
of course the reason why in finite temperature field theory
equilibrium only the two-point functions are modified. In
deed, noting thatKab only has support att5t0, we may
absorb the effects of the initial state into the boundary c
ditions for the free field equations, where they simply mod
the two-point functions, yielding in the case of a therm
initial state the well-known real-time propagators of the C
formalism at finite temperature.

Above we have made use of the path-integral approac
the CTP formalism. In simple theories, a convenient way
obtain explicit expressions for the propagators is through
operator formulation. To this end, introduce a generalizat
of the Q-function with real time arguments to aQ-function
on the contourC corresponding to Eq.~3! and evaluate the
path-ordered product (Tc here is the path-ordering operato!

Gf
(c)~x,x8!5^Tcf~x!f~x8!& f

5Qc~ t2t8!^f~x!f~x8!& f

1Qc~ t82t !^f~x8!f~x!& f ~9!

after substituting for the field operators

f~x!5E d3k

~2p!32vk

~ake
2 ikx1ak

†eikx!. ~10!

In Eq. ~9!, the averages are ensemble averages with res
to the density matrix defined in Eq.~7! and in the usual
manner one obtains, using

^ak
†ap& f5~2p!32vk

1

ef (ukW u)21
d~kW2pW !

^akap
†& f5~2p!32vkS 11

1

ef (ukW u)21
D d~kW2pW !

~11!

@note that these expressions again reduce to the well-kn
results forf (ukW u)5bvk#,
6-4
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Gf
(c)~x2x8!5 iD f

(c)~x2x8!

5E d4k

~2p!4
2pd~k22m2!e2 ik(x2x8)@Q~k0!Qc~ t2t8!

1Q~2k0!Qc~ t82t !1~exp„f ~ ukW u!…21!21#. ~12!

As the next step we return to the notation in terms of two fieldsf1 and f2 and note that the time contour starts att0→
2` and goes tot→1`. It is back shifted by an infinitesimal amount below the real axis~see Fig. 1!, and thusQc obeys

Qc~ t2t8!5Q~ t2t8! on the upper part ofC

5Q~ t82t ! on the lower part ofC

50 for t on the upper andt8 on the lower part ofC

51 for t on the lower andt8 on the upper part ofC. ~13!
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We can write the propagator as a 232 matrix in the form
~note that our sign conventions are slightly different fro
those in@10#!

D f~k!5S D0 2~D02D0* !Q~2k0!

2~D02D0* !Q~k0! 2D0*
D

1~D02D0* !Nf~ ukW u!S 1 21

21 1 D , ~14!

where we have already switched to momentum space and

D0~k2!5
1

k22m21 i e
~15!

and

Nf~ ukW u!5
1

ef (ukW u)21
. ~16!

We are now in the position to formulate the renormaliz
tion group equations. As stated above, the general ide
Wilsonian or exact renormalization group~RG! equations is
to introduce an external dimensionful parameter and div
the path integral into a part that includes only the hard mo
and a remainder including the soft modes, where the sep
tion is done with respect to the external scale. The resul
the path integral over the hard modes is then treated a
effective action. Instead of performing any of these path
tegrals, one derives functional differential equations for
dependence of the effective actionGL on the external scale
~we shall denote it byL) and solves these equations forL
→0. In this way one recovers the full solution to the pa
integral and, thus, the solution of the theory. Since at a
point one integrates only over an infinitesimal ‘‘shell’’ o
momenta betweenL andL1dL, the resulting equations ar
formally one-loop.
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We have also pointed out that the formulation of exa
renormalization group equations for a theory in Minkows
space at vanishing temperature is possible but not very
ful. The reason is that the Lorentz-invariant separation
modes withk2. (,)L2 as being hard~soft! has no well-
defined meaning. The situation is different at finite tempe
ture, where Lorentz invariance is broken anyway by the pr
ence of the heat-bath with a preferred frame of reference.
could thus introduce cutoffs that, for example, treatk0 andkW
differently. In an imaginary-time formulation this strategy
pursued in@29#. On the other hand, most of the problems
perturbative calculations in thermal field theory are actua
related only to the infrared behavior of the thermal mod
Since there is a clear separation in the two-point funct
between thermal and quantum contributions@cf. Eq. ~14!#
and the thermal fluctuations are on-shell@note that ase→0
we haveD02D0* →22p id(k22m2)#, and thus are effec-
tively depending on the~Euclidean! space components ofk

alone, we may introduce a cutoff with respect tokW2 for these
fluctuations.

We proceed as follows: As noted above, with the gene
form of the density matrix given in Eq.~7!, we may control
the boundary conditions for the fields. We have seen t
thermal boundary conditions correspond to

f ~ ukW u!5bvk5bAukW u21m2. ~17!

If we want the ‘‘hard thermal’’ modes withukW u@L to be in
thermal equilibrium, we should thus introduce the exter
scale into the functionf such that

f L~ ukW u!→bvk as ukW u@L. ~18!

On the other hand, we note that the thermal contribution
the two-point function~14! are absent in the limitf (ukW u)
→` ~in the thermal case this would simply correspond
T→0). Hence we suppress thermal fluctuations withukW u
!L by requiring
6-5



t way
d
he

BASTIAN BERGERHOFF AND JU¨ RGEN REINGRUBER PHYSICAL REVIEW D60 105036
f L~ ukW u!→` asukW u!L. ~19!

Having thus introduced the external scaleL we now proceed to derive the renormalization group equations. The easies
to do this is to turn back to a path-integral representation of the generating functionalZL in the presence of the modifie
density matrix. Using the inverse of the propagator matrixD f , which we now denote asDL

21 to stress the dependence on t
external scale

DL
215

1

D0D0*
S D0* 2~D02D0* !Q~2k0!

2~D02D0* !Q~k0! 2D0
D 2

D02D0*

D0D0*
Nf L

~ ukW u!S 1 1

1 1D , ~20!
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we have

ZL@J1 ,J2#5E df1df2 expF i S 1

2
fa~DL

21!abfb

1Sint@f1 ,f2#1JafaD G , ~21!

whereSint is the interaction-part of the classical action wi
Sint@f1 ,f2#5Sint@f1#2Sint* @f2#. It is straightforward to de-
rive an equation for the dependence ofZL on L. One finds
@10#

L
]

]L
ZL@J#52

i

2
TrF d

dJ S L
]

]L
DL

21D d

dJ
ZL@J#G ~22!

where here and below we use the compact notationJ
5(J1 ,J2) and correspondingly for the fields. Defining a
usual the generating functional for the connected Green fu
tions WL@J#52 i ln ZL@J#, we obtain the RG equation fo
WL ,

L
]

]L
WL@J#52

i

2
TrF S L

]

]L
DL

21D d2WL@J#

dJdJ G
1

1

2
TrFdWL@J#

dJ S L
]

]L
DL

21D dWL@J#

dJ G .
~23!

Finally, we define the generating functional of 1PI Gre
functions as the Legendre transform ofWL :

GL@w#5WL@J#2Jawa2
1

2
wa~DL

21!abwb , ~24!

where

wa5
dWL@J#

dJa
~25!

and we have subtracted a term bilinear in the field, co
sponding to the free~cutoff! propagator. In the RG equatio
for GL , subtracting the free propagator leads to a term t
cancels the contribution from the second term on the ri
hand side of Eq.~23! and we obtain the thermal renorma
ization group equation@10#
10503
c-

-

at
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L
]

]L
GL@w#5

i

2
TrFL ]

]L
DL

21S DL
211

d2GL@w#

dwdw D 21G .
~26!

Finally we have to discuss the limitsL→` andL→0. Let
us start with the limitL→0. In this case, the density matri
according to Eqs.~7! and~18! is the usual density matrix fo
a system at thermal equilibrium with temperatureb21. Ac-
cordingly, the inverse propagatorDL

21 becomes the free ther
mal propagator@cf. Eq.~20!# and the effective action tends t

lim
L→0

GL@w#5G@w#2 1
2 wa~D21!abwb , ~27!

where Eq.~24! was used.
On the other hand, to consider the limitL→`, note that

limL→` Nf50 according to Eqs.~16! and~19!. In this limit,
the propagator is the one from the theory at vanishing te
perature@cf. Eq. ~14!#. The starting value of the flow equa
tion asL→` is thus, up to the trivial subtraction of the (T
50) two-point function@see Eq.~24!#, the effective action of
the CTP formalism at vanishing temperature.

Before proceeding to an application of the formalism,
us add some general remarks. First, note that even tho
Eq. ~26! is an exact result, it may be formally considered
a one-loop equation. The corresponding diagram is given
Fig. 2, where the squared cross denotes the insertion
L]LDL

21 , and the line with the dark dot is the full propag
tor. Of course, in an interacting theory the full propagator
still a functional of the fields, making the equation impo
sible to solve exactly. Nevertheless, the existence of a pi
rial description in terms of Feynman-like diagrams simplifi

FIG. 2. Graphical representation of the thermal renormalizat
group equation~26!.
6-6
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the discussion of the flow equations and allows us to ea
derive flow equations for Green functions, etc.

One should note that in the context of thermal renorm
ization group equations, as in the usual real-time formali
one cannot generally dispose the thermal ghost fields (w2 in
the above derivation!. Even if one is only interested in Gree
functions with physical (w1) external lines, the fact that Eq
~26! is formally of one-loop order and that the classical v
tices do not mix the fields does not help, since taking deri
tives of Eq.~26! with respect tow1 introducesfull vertices.
These of course will in general mix physical and ghost fiel
Also note thatL]LDL

21 is a nondiagonal matrix. Since th
insertion is basically treated like a vertex that mixes phys
and ghost fields in Eq.~26! one gets contributions from a
matrix elements of the full propagator.

Finally, from the derivation given above it is immediate
obvious that the general method of thermal renormaliza
group equations is not restricted to thermal field theory
equilibrium. In principle, one may use any form of dens
matrices for the initial state. It is clear, however, that if t
density matrix is not bilinear in creation and annihilatio
operators there will beL-dependent contributions also to th
interaction terms in the path integral~21! and the renormal-
ization group equation would not have a simple form. It
also straightforward to formulate thermal renormalizati
group equations for gauge theories@14# or theories involving
fermions.

Apart from the fact that the formulation of renormaliz
tion group equations in the real-time approach to therm
field theories simplifies the calculation of real-time corre
tion functions since one avoids analytical continuation
quantities calculated at imaginary time arguments, the m
difference between the thermal renormalization group f
malism reviewed here and the Matsubara approach by m
of exact renormalization group equations is the bound
condition forL→`. As we have seen, the starting value f
the effective action in the TRG formulation is essentially t
full effective action at vanishing temperature. This should
contrasted to the imaginary-time approach where one tr
quantum and thermal fluctuations on equal footing. There
starting value for the effective action is the renormaliz
classical action. In practice, this means that for a comp
tion of finite-temperature quantities in terms of physic
quantities at vanishing temperature a two-step procedur
necessary@26#. One first has to connect the parameters of
classical action to observables in aT50 computation3 and
only afterwards calculate quantities at finite temperature.
get control over the relation between perturbatively defin
MS parameters and the corresponding couplings in the re
malization scheme, defined by the exact renormaliza
group approach, one has to perform perturbative calculat

3The exact renormalization group-equations imply a spec
renormalization scheme. One may thus not directly compare re
from perturbative computations in, the modified minimal subtr
tion (MS) scheme with renormalization group results at the sa
values of the parameters of the renormalized action.
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also in the RG approach@12#. In cases where one needs to g
beyond one-loop order, this is an extremely cumberso
task @13#. In this respect the approach used in the pres
work is very convenient, since perturbative contributions
vanishing temperature may be taken into account by us
perturbative starting conditions to any desired order. T
feature implies of course an obvious limitation to the use
thermal renormalization group equations in situations wh
the theory atT50 is already strongly coupled. In such
situation one needs input from other nonperturbative me
ods such as lattice computations or exact renormaliza
group equations at vanishing temperature. On the other h
this is a very welcome feature if one wants to study questi
like the validity of perturbative dimensional reduction,
method that is at the heart of most of the present nonper
bative results on the electroweak phase transition in the e
universe@2#, and is also studied in the context of QCD~for a
review see e.g.@36#!. In the case of the electroweak pha
transition there are a number of lattice studies that do
rely on perturbative dimensional reduction at least in
bosonic sector of the model~see for example@37# and refer-
ences therein!. A comparison of these results with studie
assuming the validity of perturbative dimensional reduct
indicates that this method works fairly well in this sect
@38#. However, to date there exist no nonperturbative che
of the method in the fermionic sector of the theory, which
quantitatively important due to the large top-Yukawa co
pling. TRG equations should also allow a test of this meth
for models with chiral fermions.

B. Approximation schemes

Before presenting the results of our study of se
interacting scalar theories in the next section, we would
nally like to briefly discuss some general strategies to
proximately solve equations such as Eq.~26! @20#. The full
effective actionGL may be characterized by an infinite num
ber of couplings multiplying the invariants consistent wi
the symmetries of the theory under study. The functio
differential equation~26! is thus equivalent to an infinite
system of coupled nonlinear ordinary differential equatio
Clearly one has to make some approximation to proceed.
approximations involve a truncation of the system of or
nary differential equations to another~possibly still infinite!
system of equations by neglecting couplings.

The simplest approximations reduce the number of c
plings considered to a finite set. A prominent example
such a truncation is the so-called ‘‘local polynomial appro
mation’’ ~LPA! to the effective potential, supplemented by
derivative expansion. This approximation is at the heart
most applications of Wilsonian RG equations considered
the literature. It may be viewed as an expansion in the
nonical dimension of the couplings~see@20#!.

Alternatively, one may consider truncations that keep
infinite set of couplings. This will result in~systems of! par-
tial ~integro-!differential equations. There are more or le
two orthogonal ways to proceed:

~i! One may perform a derivative expansion of the effe
tive action. In this case one classifies the invariants by
number of derivatives appearing. The coefficients of th

c
lts
-
e

6-7
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invariants are then functions of constant fields. Considerin
scalar theory with one fieldw andZ2 symmetry for simplic-
ity, one expands the effective action as

GL5E ddxH 2VL~w2!1
1

2
ZL~w2!~]w!2

1
1

2
YL~w2!~u•]w!21•••J , ~28!
nc

of

n
ud

in

o
at
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ud
tu
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10503
awhere we have taken into account the fact that at finite te
perature Lorentz invariance is broken by the rest frame of
heat bath and have introduced the corresponding four-ve
um . Truncating the effective action at finite order in th
expansion, one derives a set of coupled partial differen
equations for the functionsVL(w2), ZL(w2), etc. This is the
approach that we will pursue below.

~ii ! One may expand the effective action in powers of t
fields
GL5GLuw501 (
n51

`
1

n! E ddx1 . . . ddxngL
(n)~x1 , . . . ,xn!w~x1! . . . w~xn! . ~29!
red
s di-
t of
e-
lds

of
-

The coefficients of this expansion are the 1PI Green fu
tions ~the full propagators and vertices! of the theory. This is
the strategy that is naturally followed in the study
Schwinger-Dyson equations@39#.

The approach using the derivative expansion is tech
cally relatively straightforward and has been used to st
scalar theories in three dimensions@21,22# and at finite tem-
perature@32,40#, matrix models@41#, the Abelian as well as
an SU(2)-Higgs model in three dimensions@42#, and an ef-
fective theory for low-energy QCD at finite temperature
the imaginary-time formalism@43#. It is generally appropri-
-

i-
y

ate in situations where the degrees of freedom conside
correspond also to asymptotic states and the anomalou
mensions are small. As noted above, one obtains a se
coupled partial differential equations for functions that d
pend on the invariants that one may construct from the fie
considered~at vanishing momenta!.

On the other hand, an expansion in then-point functions
rapidly becomes technically involved with growingn. Con-
sidering only the flow equation for the two-point function
a scalar theory atT50, one has to deal with a partial inte
grodifferential equation of the structure
L
]

]L
gL

(2)~p2!5E ddl

~2p!d
F4@gL

(2)~ l 2!,gL
(4)
„p2,l 2,~ lp !…#1E ddl

~2p!d
F3@gL

(2)
„~ l 1p!2

…,gL
(2)~ l 2!,gL

(3)
„p2,l 2,~ lp !…# ~30!
f-

in
sta-

one
The
are

ee

the

sed
rom
corresponding to the diagrams depicted in Fig. 3. In a the
with vector fields like QCD, the number of invariants th
make up a specificn-point function is rapidly growing with
n. So far, this approach has been used to study the two-p
functions of pure Yang-Mills theory@44# and the four-point
function of an effective model for QCD@45# ~both at vanish-
ing temperature!.

Which of the above mentioned approaches should be c
sidered depends on the physics of the theory under st
Generally, the derivative expansion will not be useful in si
ations where the momentum dependence of the correla

FIG. 3. Exact flow equation for the two-point function in
scalar theory.
ry

int

n-
y.

-
on

functions is strongly modified by interactions.
After this more general review, we will consider sel

interacting scalar theories with an O(N)-symmetry at finite
temperature in the following section.

III. CRITICAL BEHAVIOR OF O „N…-SYMMETRIC
SCALAR FIELD THEORY

O(N)-symmetric scalar theories are well studied both
four dimensions at vanishing temperature as well as in
tistical physics. The O(N) symmetry of the action may be
spontaneously broken at zero temperature. In this case,
expects symmetry restoration for large temperatures.
universal aspects of the corresponding phase transition
very well known from considerations of the model in thr
Euclidean dimensions~for a review, see@19#!. Quantities
like the critical exponents are calculated to high orders in
e expansion or in perturbation theory at fixed dimensiond
53, where in both cases Borel resummation has to be u
to deal with the divergent series. There are also results f
lattice studies available.
6-8
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THERMAL RENORMALIZATION GROUP EQUATIONS AND . . . PHYSICAL REVIEW D60 105036
What is less well studied are the nonuniversal aspects
the critical temperature as a function of the zero-tempera
‘‘physical’’ couplings. To study nonuniversal quantities on
really has to consider the model at finite temperature. Per
bative studies of the theory at finite temperature are com
cated by the bad infrared behavior near the phase transi
Due to this behavior, forN51, even super-daisy resumme
perturbation theory falsely predicts a first-order phase tra
tion @4#. Alternatively, one may employ an expansion in 1/N.
In this case the resummation of daisy diagrams yields e
results in leading order in 1/N @46# ~see also@19#!. One finds
a second order phase transition with mean-field values of
critical exponentsb and h, whereasn511O(1/N), d55
1O(1/N), a5211O(1/N) andg521O(1/N) ~see below
for definitions of the critical exponents!.

As noted in the introduction, there are a number of me
ods that correctly predict a second-order phase transitio
the finite-temperature theory also forN51. Results for the
critical temperature have for example been given in@26,30#
and we will compare the corresponding values below.

A. Flow equation for the effective potential

As stated in the last section, there is no way to solve
TRG equation~26! exactly and we have to make simplifica
tions. In the theory under consideration here, many stu
have shown that a good truncation consists in performin
derivative expansion of the effective action and consider
only the first few contributions. This is due to the fact th
the derivative expansion is an expansion in the anoma
dimensionh. In the scalar models considered in the pres
work, h at the critical temperature turns out to be small,h
'0.05 ~see the discussion in Sec. III B!. As a first approxi-
mation one may then work in lowest order of the derivat
expansion, neglecting deviations of the kinetic terms fr
their standard form. The errors in the universal quantit
obtained within this approximation should be of the order
h, i.e., in the case at hand of the order of five percent. T
statement can of course only be madea posteriori, after a
calculation ofh has been performed. Since, however, t
universal quantities of a theory are independent of the s
distance assumptions, results forh from any method may be
used to estimate the expected correction.

In this spirit, we will approximate the effective actionGL

by its value for constant configurations, the effective pot
tial VL , and use a standard kinetic term. The effective
tential is of course still a function of the fields. We may
this point use arguments given by@47# to simplify the task of
calculating the effective potential considerably. The line
argument goes as follows: The free energy of the theor
given by the functionalḠL@w#, which is defined as@47#

dḠL@w#

dw
5

dGL@w1 ,w2#

dw1
U

w15w25w

. ~31!

We are interested in the value of the effective action
constant field configurations and define the tadpoleḠL

(1)(w)
through
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ḠL
(1)~w!5

dGL@w1 ,w2#

dw1
U

w15w25w5const.

. ~32!

By virtue of the symmetry

GL@w1 ,w2#52GL* @w2* ,w1* # ~33!

one may derive relations betweenn-point functions with
type-1 and type-2 external legs.

In the following we will discuss O(N)-symmetric scalar
theories. We will label the physical and thermal ghost fie
with subscripts as above, and use greek letters as supers
to label the components of the O(N) vectors (a,b, . . .
51 . . .N). We frequently use the O(N) symmetry and write

r5
1

2
wawa . ~34!

Now consider the renormalization group equation for t
tadpole Eq.~32!. Deriving Eq. ~26! with respect tow1

g and
setting the fields constant we obtain

L
]

]L

dGL

dw1
g

~r!

5
i

2E d4k

~2p!4
trH KL

(a)dab

3S d3GL /dw1
bdw1

adw1
g d3GL /dw1

bdw2
adw1

g

d3GL /dw2
bdw1

adw1
g d3GL /dw2

bdw2
adw1

gD J ,

~35!

where the trace is over the ‘‘thermal’’ matrix structure.KL
(a)

constitutes the ‘‘kernel’’ of the TRG equation@10# and cor-
responds to the~modified! logarithmic derivative of the full
~cutoff! propagator with respect toL ~no sum overa),

KL
(a)5 ]̃ ln LS DL

211
d2GL

dwadwaD 21

52S DL
211

d2GL

dwadwaD 21S L
]

]L
DL

21D
3S DL

211
d2GL

dwadwaD 21

~36!

where]̃ ln L denotes a derivative acting only on the explicitL
dependence of the free propagatorDL

21 , and we have used
the fact that the two-point functions are diagonal with resp
to the O(N) index. In lowest order in the derivative expan
sion, the self-energies are real~and momentum-
independent!. In this case the expression for the full prop
gator, (DL

211d2GL /dwdw)21, may consistently be
obtained by replacingD0 in Eq. ~14! by the full Feynman
propagator,

DL
(a)5

1

k22m21PL
(a)~k50,w!1 i e

, ~37!

with ~no sum overa)
6-9
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PL
(a)~k,w!5

d2GL

dw1
a~2k!dw1

a~k!
U

w15w25w5const

~38!

and we obtain for the kernel@10#

KL
(a)5F2~D02D0* !

DL
(a)DL

(a)*

D0D0*
L

]Nf~ ukW u!
]L S 1 1

1 1D G .

~39!

Equation~35! is an obvious generalization of the case of o
scalar field studied in@10,32#. The trace yields

trS 1 1

1 1D S d3GL

dw1
bdw1

adw1
g

d3GL

dw1
bdw2

adw1
g

d3GL

dw2
bdw1

adw1
g

d3GL

dw2
bdw2

adw1
g

D
5 (

i , j 51

2
d3GL

dw i
bdw j

adw1
g

5
d2

dwbdwa

dḠL@w#

dwg
. ~40!

Consideringi (D02D0* )(DLDL* /D0D0* ) for real self-energies
we can replace@10#

i ~D02D0* !
DL

(a)DL
(a)*

D0D0*
→2pd@k22m21PL

(a)~w!#

3Q@ ukW u21m22PL
(a)~w!#

~41!

and may use Eq.~33! to write ~no sum overa)

PL
(a)~w!5

d2GL

dw1
adw1

a
5

d2ḠL

dwadwa
. ~42!

We finally have to specify the form of the cut-off functio
f L . In order to be able to do the loop-integral in Eq.~35!
analytically, following @10,32# we will choose this function
such that

Nf~ ukW u!5
1

ebvk21
Q~ ukW u2L!5NBE~vk!Q~ ukW u2L!,

~43!
10503
where NBE denotes the thermal distribution functio
for bosons. In this case we have]LNL(ukW u)
52NBE(vk)d(ukW u2L) and the loop integrals are trivial.

We write for the functionalḠL

ḠL@w#5E d4xH 1

2
m2w22VL~w!1

1

2
ZL~w!~]w!2

1
1

2
YL~w!~u•]w!21•••J ~44!

and, working to lowest order in the derivative expansio
neglectZL andYL . We will allow for spontaneous symme
try breaking along the ‘‘1’’-direction in the O(N) group,
giving rise to a radial~Higgs! mode, the fieldw1, and N
21 Goldstone modeswaÞ1. This amounts to evaluating th
effective action on a background field configurationwa

5A2rda11xa(q) and puttingxa50 at the end. We then
have~no sum overa)

PL
(a)~r!5m22

]2VL~r!

]wa]wa
. ~45!

Dropping the subscriptL we find from Eq.~35! that

L
]

]L

]V~r!

]wg
52

L3

4p2

NBE~v1!

v1

]3V~r!

]wg]w1]w1
Q~v1

2!

2~N21!
L3

4p2

NBE~v2!

v2

3
]3V~r!

]wg]w2]w2
Q~v2

2!. ~46!

v1 andv2 denote the frequencies of the radial and the Go
stone modes, respectively, i.e.,

v15AL21
]2V

]w1]w1
5AL21V8~r!12rV9~r!;

~47!

v25AL21
]2V

]w2]w2
5AL21V8~r!,

where primes denote derivatives with respect tor. We may
finally integrate Eq.~46! with respect towg to obtain the
flow equation for the effective potential as
broken
L
]

]L
V~r!52T

L3

2p2
ln@12exp„2bAL21V8~r!12rV9~r!…#Q@L21V8~r!12rV9~r!#

2~N21!T
L3

2p2
ln@12exp„2bAL21V8~r!…#Q@L21V8~r!#. ~48!

In the numerical evaluation we will also use the flow equation for the minimum of the potential in the spontaneously
phase,r0. This is obtained from the conditionV8(r)ur0

50 and reads
6-10
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L
]r0

]L
5

L3

4p2 S 312
r0V0

(3)

V09
D 1

AL212r0V09

1

expAL2

T2
1

2r0V09

T2
21

Q~L212r0V09!

1~N21!
L3

4p2

1

L

1

expAL2

T2
21

. ~49!

As we will see shortly, it is also convenient to define dimensionless quantities in the following way:

l5
L

T
; k5

r

LT
; u5

V

L3T
;

diV

dr i
5L32 iT12 i

diu

dk i
. ~50!

The corresponding flow equations read

l
]u

]l
523u1u8k2

1

2p2
ln@12exp~2lA11u812ku9!#Q~11u812ku9!2

N21

2p2
ln@12exp~2lA11u8!#Q~11u8!

~51!

and

l
]k0

]l
52k01

l

4p2 S 312
k0u0

(3)

u09
D 1

A112k0u09

1

elA112k0u0921
Q~112k0u09!1~N21!

l

4p2

1

el21
. ~52!
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As was already pointed out in@10,32#, if one considers the
limit where L21V812rV9 andL21V8 are both!T2 one
recovers the flow equations of the purely three-dimensio
theory with a sharp cutoff up to a field independent con
bution. This is the relevant limit in the scaling regime clo
to the phase transition and motivates the use of the resc
variables defined in Eq.~50!. The powers of the temperatur
appearing in Eq.~50! are identical to those obtained by naiv
dimensional reduction, whereas the powers ofL would be
used in the purely three-dimensional theory to make the c
plings dimensionless.

We finally have to give the starting value for the effecti
potential in the limitL→`. As discussed in Sec. II, th
effective action in this limit becomes the effective action
the zero-temperature theory. Correspondingly, the star
value for the effective potential should be the full effecti
potential of the theory at vanishing temperature. At this po
we face an obvious problem if we are to use perturba
results on this quantity. Consider the effective potential of
O(N)-symmetric scalar theory in the broken phase atT50
as computed, for example, in theMS scheme. Taking the
scale to be set by the zero-temperature tree-level Hig
boson massm0

252gr0 to one loop we have
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VT50~r!52gr0r1
g

2
r21

g2

64p2
~3r2r0!2F ln

3r2r0

2r0
2

3

2G
1~N21!

g2

64p2
~r2r0!2F ln

r2r0

2r0
2

3

2G . ~53!

On the right hand side of the flow equation~48! we need the
first two derivatives of the potential with respect tor at
arbitrary values of the field. Now from Eq.~53! it is obvious
that the second derivative of the potential has logarithm
singularities atr5r0/3 and, forN.1, atr5r0. This is, of
course, a well known fact which forces us to define t
renormalized quartic coupling in the massless theory w
N51 away from the pointr50 @48#. As long as we work
with a polynomial expansion, i.e., as long as we choose
write the potential as

V~r!5V~ r̃ !1(
V(n)

n!
~r2 r̃ !n ~54!

and derive flow equations for the couplingsV(n), this is no
problem. ForN51 we may user̃5r0 and for N.1 one
may still proceed as long as one does not expand the po
6-11
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tial about its minimum. Even in that case, we could, in pr
ciple, avoid any infrared problems by using the perturbat
effective potential evaluated with an infrared cutoff in t
loop integration. This would compare closely to the approa
followed in @26#, where a local polynomial approximatio
was used for the potential and the zero-temperature re
malized couplings were defined at some nonvanishing sc
In this work we will restrict ourselves to small values of th
zero-temperature couplings and neglect the quantum co
tions to the effective potential; that is, as a starting value
the integration of the flow-equation~48! we use the tree-leve
potential

VL0
~r!52gr0r1

g

2
r2. ~55!

This simplification has no effect on the universal aspects
the critical behavior such as the critical exponents, cer
ratios of critical amplitudes or the scaling equation of sta
For nonuniversal quantities such as the critical tempera
we will have corrections from the~logarithmic! four-
dimensional running of the couplings. These correctio
should, however, be small for the values of the couplin
considered in the present work. We now discuss the res
of a solution of the flow equations given in Eqs.~48!–~52!
with the starting value given by Eq.~55! @or the correspond-
ing scaled potential according to Eq.~50!# for different val-
ues ofN.

B. Numerical results

For the numerical work the methods proposed in@49# are
employed. We derive flow equations foru8(k) and u9(k)
from Eq. ~51! and evaluate them at equidistant pointsk i . In
the flow equations we need the values ofu-(k i) andu-(k i)
at these points, which are obtained through matching co
tions. These conditions are derived by considering a fou
order polynomial expansion around every pointk i and by
imposing continuity foru-(k i) andu-(k i) at half distance
between neighboring points. In the broken phase the dista
between the different pointsk i is additionally scaled by the
value of the minimum. This procedure goes considerably
yond using a global fourth order polynomial expansion of
potential because higher order derivatives are not simply
glected.

We start by discussing the results for the case of
scalar field, corresponding to the Ising model of statisti
mechanics. The first question concerns the order of the p
transition. As was already pointed out above, dai
resummed perturbation theory fails in predicting the corr
critical behavior of the theory in this case. In the framewo
of thermal renormalization group equations, the caseN51
has already been addressed in@10,32#, where the transition
was found to be second order and critical exponents h
been given.

We display the dependence of the minimum of the pot
tial on the external scaleL at different temperatures in Fig
4. In the upper panel, the dimensionless minimumk0 is dis-
played as a function of ln(L/T) for several temperature
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around the critical one~we have choseng50.1 here!. We
start the evolution of the potential at some large value
L/T in the broken phase, wherer0(T50) is used to set the
scale and all dimensionful quantities are given in units
r0(T50). For temperatures larger than the critical one~solid
lines!, the minimum vanishes at some nonzero scaleLsymm
and the theory is in the symmetric phase. On the other ha
for temperatures belowTc , the dimensionful minimumr0
approaches some constant asL→0 ~this is seen in the lower
panel of Fig. 4, where we display the dimensionful minimu

FIG. 4. Upper panel: The dimensionless minimum as a funct
of ln(L/T) for various values of the temperature aroundTc . For
temperatures aboveTc , the minimum vanishes at some finite sca
Lsymm; for T,Tc the dimensionless minimum diverges asL→0.
Lower panel: The dimensionful minimumr0 @in units of r0(T
50)# as a function ofL/T. For temperatures below the critica
temperature, the dimensionful minimum approaches a cons
value that is a decreasing function of the temperature until it v
ishes atTc as L→0. For low temperatures, thermal fluctuation
play effectively no role andr0 almost remains at the starting valu
6-12
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as a function ofL/T). According to Eq.~50! k0 then di-
verges. We see from Fig. 4 that at the critical temperatu
the dimensionless minimum asymptotically reaches a fi
nonvanishing value,k0* . As is expected from dimensiona
reduction and was explicitly demonstrated in@32#, this value
is the fixed-point value of the corresponding thre
dimensional theory. The phase transition is of second o
and the theory is in the universality class of the thre
dimensional Ising model. Before turning to the universal b
havior of the theory, let us briefly discuss the critical te
perature as a function of the zero-temperature coupling.
results on this quantity are displayed in Fig. 5, where we p
the ratio ofTc and the naive perturbative result, given by

Tc,12 loop5A 24

N12
Ar0 ~56!

as solid line and compare to the values found in the ER
approach in the Matsubara formalism in@26# as squares. We
find good agreement as expected.4

We finally discuss the results on the universal behavio
obtained from the TRG. The universal critical behavior o
given field theory is summarized in a number of critical e
ponents, certain ratios of critical amplitudes, and the sca
equation of state~see e.g.@19#!. We will start by discussing
critical exponents and amplitudes. These quantities enc
the behavior of different observables as the temperature
proaches its critical value. Specifically, we will consider t
following quantities.

4Note that the results quoted in@26# were obtained with an expo
nential cutoff function rather than with theQ-function cutoff used
here.

FIG. 5. The ratio Tc /Tc,12 loop as a function of the zero
temperature couplingg for N51. For comparison, results from@26#
are also given~squares!.
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~i! The ~unrenormalized! mass of the order-paramete
field ~in the language of statistical mechanics, the inve
magnetic susceptibility in zero field!. The susceptibility di-
verges at the phase-transition, corresponding to a behavi
the mass according to

M 6
2 5~C6!21UTc2T

Tc
Ug

. ~57!

This defines the critical exponentg and the amplitudesC6 .
The ratioC1 /C2 is a universal quantity.

~ii ! The quartic couplingg(L→0) goes to zero at the
critical temperature according to

g65 l 6UTc2T

Tc
Un

. ~58!

The exponentn also governs the behavior of the renorma
ized mass at the critical temperature. Since we have appr
mated the wave-function renormalizations to be constann
should be equal tog/2.

~iii ! The dimensionful minimum of the effective potenti
~corresponding to the spontaneous magnetization! ap-
proaches 0 as the temperature approachesTc from below,
where

w05BS Tc2T

Tc
D b

. ~59!

~iv! Finally, the behavior of the effective potential at th
critical temperature is described for small values ofr by
~rememberw5A2r)

]V

]w
5Dwd. ~60!

We stress that we are considering the theory explicitly
finite temperature. Thus one may expect the scaling beha
encoded in the critical exponents only in the region wh
dimensional reduction is effective. The relation~60! will, for
example, not hold for largew*T, where the three-
dimensional limit is not reached. Effective exponents tak
into account this ‘‘dimensional crossover’’ are discussed
@6# and the second reference of@28#. Our results for the
critical exponents defined above are given in Table I. T
results for some critical amplitude ratios and critical co
plings are displayed in Table II. In both tables, we give
sults obtained by other approaches for comparison. Le
make some comments regarding the results presented in
tables. We should first note that the exponents may, a
from the possibility discussed above, also be determi
from the scaling equation of state to be discussed below.
have obtained the value ofd in this way. The value is com-
pletely consistent withd55, which was found using the
thermal renormalization group, but extractingd according to
the above definition, Eq.~60!, in @32#. In fact, one can show
6-13
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BASTIAN BERGERHOFF AND JU¨ RGEN REINGRUBER PHYSICAL REVIEW D60 105036
thatd55 is the exact solution to the fixed-point equations
the three-dimensional theory in lowest order in the derivat
expansion@50#. We may thus use the obtained value ofd to
estimate the numerical errors of our results. Another way
check the numerical accuracy is from the deviation ofn from
g/2 ~see above!. On the basis of these results we estimate
numerical uncertainty of the results to be;3%.

The other exponents given in the table have been de
mined in a number of ways: We have determinedb from Eq.
~59! above and from the scaling equation of state and fo
values of 0.3458 and 0.3451 identical within the numeri
accuracy.g was obtained from the definition given in Eq
~57! and from the asymptotic behavior of the Widom scali
function parametrizing the equation of state. We find 1.3
from the EOS, 1.368 from Eq.~57! if Tc is approached from
above, and 1.369 if we approach the critical temperat
from below. Finallyn is obtained from Eq.~58! to be 0.679
coming fromT.Tc and 0.663 forT→Tc from below. All in
all, the critical exponents are rather robust with respec
details of the numerical procedure. The deviation from
best values given also in Table I is due to the approximati
made in reducing the exact renormalization group equa
to the flow equation for the effective potential, Eq.~48!,
namely the neglect of higher orders in the derivative exp
sion. The numerical deviations are consistent with the exp
tation on the basis of the value ofh, as discussed in Sec
III A and are of the order of five percent.

The neglect of higher orders in the derivative expans
also prevents us from studying the critical exponenth itself,

TABLE I. Critical exponents from different approaches (N
51). Deviations from the known values areO(5%), consistent
with the neglect of the anomalous dimension. Numerical errors
O(3%) ~see text!.

b g d h n

This work 0.345 1.37 4.97 – 0.67
TRG1LPA @10# 3.57 0.015 0.58
3d ERG1LPA @20# 0.333 1.247 0.045 0.638
3d ERG@21# 0.336 1.258 4.75 0.044 0.643
3d ERG1WFR @22# 0.330 1.232 0.047 0.631
Best values@19# 0.325 1.240 4.81 0.032 0.630
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which is defined as the anomalous dimension at the crit
temperature asL→0. We could improve on the results fo
the exponents and amplitudes by taking into account
wave function renormalizations, as has been done in
work listed as ERG in Table I. In@20# the potential was
expanded around the minimum and only a finite number
couplings was kept~LPA!. On the other hand, the autho
went beyond leading order in the derivative expansion. T
LPA was dropped in@21#, where however the wave-functio
renormalization was still assumed to be field independe
This approximation is finally also given up in@22#. We
should keep in mind that all these results were obtained
the framework of a three-dimensional effective theory rat
than in the full temperature-dependent problem.

Let us now discuss the results presented in Table II. H
we give the universal ratios of critical amplitudesC1 /C2

andRx , as well as the universal critical couplingsl4* and
l6* and the nonuniversal amplitudesB, C1 and D for
gT5050.1. The definition ofC6 has been given in Eq.~57!.
Rx is a universal combination of several nonuniversal qu
tities and reads

Rx5C1DBd21. ~61!

We have extracted the numbers for the amplitudes used
from the equation of state to be discussed below. We h
also extracted the ratioC1 /C2 from the behavior of the
unrenormalized mass as given in Eq.~57!. In this case we
find C1 /C254.58, consistent with the value quoted in th
table. As noted in the discussion of the critical exponen
and also in the case of the amplitudes, the major sourc
error is the derivative expansion used here, as may be
by again comparing with the results given in@22#.

The universal critical couplings given in the table are d
fined by (w is the dimensionless field here!

V~w!5 (
n52

`
ln

n!
wn ~62!

and are taken at the critical temperature, i.e., in the sca
limit. l4* andl6* are thus simply related to the second a
third derivative of the potential at the critical temperatu
with respect tor. The values given for comparison hav

re
e

TABLE II. Critical amplitude ratios and couplings from different approaches (N51). The last three

entries are nonuniversal. Deviations from the known values areO(5%), consistent with the neglect of th
anomalous dimension. Numerical errors areO(3%) ~see text!.

C1 /C2 Rx l4* l6* B C1 D
(gT5050.1)

This work 4.50 1.76 19.6 1725 1.05 0.54 2.73
3d ERG1LPA @20# 27.8 1311
3d ERG@21# 4.29 1.61
3d ERG1WFR @22# 4.966 1.647
Monte Carlo@24# 23.3 1476
Best values@19# 4.95 1.65
6-14
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THERMAL RENORMALIZATION GROUP EQUATIONS AND . . . PHYSICAL REVIEW D60 105036
been found through the ERG, using a local polynomial
pansion and on the lattice, in both cases working in th
dimensions.

Let us then turn to the scaling equation of state. In
language of statistical mechanics the equation of state re
the temperature, the order parameter, and the external fi
In the present setting, the external fieldH is given by H
5V8(r)w and the equation of state has the following scal
form:

]V

]r
5~A2r!d21f ~x!; x5

T2Tc

Tc
~A2r!21/b. ~63!

The function f (x) is known as the Widom scaling functio
and is universal up to normalization and a rescaling ofx. It
encodes information about the universal critical behavior
several amplitudes and critical exponents may be obta
from f in different limits. For the amplitudes and exponen
treated above, we have the following relations involving t
equation of state: The value off at x50 gives the amplitude
D,

lim
x→0

f ~x!5D. ~64!

The asymptotic behavior off in the symmetric phase is

lim
x→1`

f ~x!5~C1!21xg. ~65!

The amplitudeB and the critical exponentb are related to
the zero off in the broken phase through

f ~2B21/b!50 ~66!

and the amplitudeC2 is obtained from the zero off and the
value of the derivative at the zero through

~C2!215
1

b
f 8~2B21/b!Bd2121/b. ~67!

FIG. 6. The logarithm of the Widom scaling functionf (x) for
N51 ~solid lines!. The left panel showsf (x) in the broken phase
corresponding tox,0 whereas the right panel givesf in the sym-
metric phase. The short dashed lines are from the ERG in t
dimensions@21#, the long dashed lines give results from latti
simulations~broken phase:@25#, symmetric phase:@24#!.
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We have pointed out that the normalization off and ofx
are nonuniversal. In the following figures, we will compa
our results with results from exact renormalization gro
equations in three dimensions@21#, and with results from
Monte Carlo simulations in the broken@25# and symmetric
phase@24# ~Fig. 6!. In order to do so, we fix the normaliza
tion by demanding equality of the results given in the fo
of a numerical fit in@21# and approximate polynomial ex
pressions in@25,24# with our results for two values ofx.
Since the lattice simulations used for the comparison w
obtained on different lattices we have used different res
ings for the Monte Carlo results in the left and right panels
Fig. 6, corresponding to the broken and symmetric ph
respectively. In order to have a fair comparison of the res
from @21# with the lattice results in both phases, we have a
rescaled these results differently in both panels.

In principle, for a comparison of our results with the on
of @21#, we only have two free parameters corresponding
two values ofx where equality may be imposed. Thus w
present in Fig. 7 a comparison of our curve with the curv
given by @21# for different normalizations: The solid line in
Fig. 7 corresponds to our result in the symmetric phase.
short dashed line is the same as in the right panel of Fig
obtained by equating the results at two values ofx in the
symmetric phase, whereas the dashed-dotted line is the r
from @21# if we use the two values ofx from the broken
phase~left panel of Fig. 6! for normalization for the whole
range ofx.

The curves obtained in this work and the results given
@21# are almost identical in the broken phase~left panel of
Fig. 6! and show only a slight deviation in the symmetr
phase for largex, connected to the different results for th
critical exponentg ~see Table I!. The agreement with the
results from lattice simulations is rather satisfactory, as w
already noted in@32# for the broken phase. In view of th
sizable deviations of results obtained in the framework of
e expansion or other perturbative approaches from the lat

ee

FIG. 7. f (x) for N51 in the symmetric phase compared to t
three-dimensional ERG results from@21# for different normaliza-
tions ~see text for details!.
6-15
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BASTIAN BERGERHOFF AND JU¨ RGEN REINGRUBER PHYSICAL REVIEW D60 105036
results,5 this is a nontrivial achievement. The deviation in t
asymptotic behavior for large positivex in Fig. 6 is of no
concern. In this region the approximate polynomial expr
sion given in@24# is incompatible with the known behavio
corresponding to Eq.~65!—it would give an exponentg
52 in contrast to the known results~Table I!.

After presenting detailed results forN51, we now pro-
ceed to a study of the caseN54. This case is interesting
since it is expected to govern the universal behavior of
two-flavor chiral phase transition in the chiral limit. The a
guments in favor of this conjecture rely on dimensional
duction and the fact that in the imaginary-time formulatio
the fermionic degrees of freedom obey antiperiodic bound
conditions and thus have no static modes. The infrared
havior should then be dictated by the bosonic excitati
alone, which in this case are the pions and the ‘‘sigma’’~for
a more complete discussion of the two-flavor chiral ph
transition in the imaginary-time formalism in the chiral lim
and also away from the chiral limit see e.g.@43#!. We should
also mention that due to the existence of massless degre
freedom in the broken phase away from the critical tempe
ture, perturbative calculations forN.1 are even more infra
red problematic than for the case discussed above.

We start our discussion by plotting the critical tempe
ture as a function of the zero-temperature couplingg(T
50) in Fig. 8 ~solid line!. We again display for compariso
the values obtained by Tetradis and Wetterich@26#. As for
the caseN51, we find excellent agreement of the results

Next we turn to the critical equation of state. This is d
played in Fig. 9, where, as forN51, we display ln(f) as a
function of ln(x) in the symmetric phase (x.0) in the right
panel and as a function of ln(2x) in the broken phase (x
,0) in the left panel. As discussed above one, obtains c
cal exponents and amplitudes from the scaling function,

5For a comparison of the lattice results with results of thee ex-
pansion, see@25,32#.

FIG. 8. The ratio Tc /Tc,12 loop as a function of the zero
temperature couplingg for N54. For comparison, results from@26#
are also given.
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we collect the values together with some results from ot
approaches in Tables III and IV.

Considering the Widom scaling function, we again o
serve from Fig. 9 almost perfect agreement of our result~the
solid curve! with results from the ERG given in@51# ~dashed
curve! in the broken phase. In the symmetric phase, ther
a slight deviation for largex, which again is due to the dif-
ferent values found for the exponentg ~Table III!. In Fig. 9,
we have normalized the results from@51# to our results for
two positive values ofx close tox50. A comparison of the
results from the ERG and results from other approaches
cluding lattice ande expansion may be found in@51# and
again shows that the lattice results on the equation of s
compare well with results from the Wilson renormalizatio
group, whereas thee expansion differs from the Monte Carl
results.

For the critical exponents given in Table III we note
slightly larger deviation of our values from those obtain
from the lattice@53# or from higher order perturbation theor
@52#. Although the values obtained from the ERG in differe
approximations also show a larger deviation than was
tained for N51, in the caseN54 our results differ also
from the ERG results by up to 10%. There are a numbe
reasons for this deviation. First, as in the case ofN51, the
derivative expansion induces an error in the critical exp
nents. We expect the error, from the neglect of the wa

FIG. 9. The Widom scaling function forN54 ~solid line! in the
broken~left panel! and the symmetric~right panel! phase. For com-
parison we give the suitably normalized results from@51# ~dashed
line!.

TABLE III. Critical exponents from different approaches (N
54). Deviations from the known values areO(10%), consistent
with the neglect of the anomalous dimension. Numerical errors
O(3%) ~see text!.

b g d h n

This work 0.433 1.73 5.0 – 0.86
3d ERG1LPA @20# 0.409 1.556 0.034 0.791
ITF ERG @51# 0.407 1.548 4.80 0.0344 0.787
3d PT @52# 0.38 1.44 4.82 0.03 0.73
3d MC @53# 0.384 1.48 4.85 0.025 0.748
6-16
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THERMAL RENORMALIZATION GROUP EQUATIONS AND . . . PHYSICAL REVIEW D60 105036
function renormalizationZL , to be responsible for most o
the difference between the values found in the present w
and the ones given in@20# and @51#. We also used a loca
polynomial expansion for the effective action to calculate
the three-dimensional effective theory how much the cho
of aQ-function cutoff in Eq.~43! affects the result~in lowest
order in the derivative expansion!. In principle, the choice of
the cutoff function has no effect on the results if one solv
the full RG equation. Since we have to make approxim
tions, a slight cutoff dependence is expected. In the case
have checked, the results for the critical exponents usin
sharp cutoff and using an exponential cutoff, which are u
ally used in the framework of the ERG, differ by about thr
percent.

There is, however, an additional contribution in first ord
in the derivative expansion forN.1, being of the structure
Z̃L(r)wawa]2wbwb. This term should account for much o
the remaining difference to the exact exponents.

The same remarks apply to the universal amplitude r
Rx , which is compared to the value found in@51# in Table
IV. In view of these uncertainties, the values for the exp
nents and amplitudes found in the present work are con
tent with the expectations, although they certainly lea
room for improvement along the lines discussed above.

TABLE IV. Critical amplitude ratios and couplings from differ
ent approaches (N54). The last three entries are nonunivers
Deviations from the known values areO(10%), consistent with the
neglect of the anomalous dimension. Numerical errors areO(3%)
~see text!.

C1 /C2 Rx l4* l6* B C1 D
(gT5050.1)

This work – 1.38 9.4 475 1.81 0.0797 1.6
ITF ERG @51# – 1.02

FIG. 10. Tc in units of Ar0 as a function ofN for g(T50)
50.1 ~solid line!. For comparison, results from@26# ~squares!, and
the result of an expansion in 1/N are also given. Our results are ve
well reproduced by the naive perturbative result~56! for all N.
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Finally, we consider theN dependence of the critical tem
perature to compare with the leading order result of
large-N expansion. In Fig. 10 we have plotted our values
g(T50)50.1 as a function ofN, where again the critica
temperatures are given in units ofAr0 ~solid line!. For com-
parison, the dashed line shows the result that is obtaine
leading order in 1/N @46#

Tc5A24

N
Ar01OS 1

N2D . ~68!

Naive perturbation theory yields Eq.~56!, which is consis-
tent with our results on the level of 1 –2 % for the sm
value of gT5050.1 chosen here@see Figs. 5 and 8 for a
comparison ofTc with Eq. ~56! as a function of the cou-
pling#. Also given are the results from the ERG in th
imaginary-time formulation@26# as squares. Again we ob
serve good agreement, as was already seen in Figs. 5 a
It is interesting that we can also study the limitN→0
straightforwardly.

IV. CONCLUSIONS AND OUTLOOK

We have discussed the finite-temperature phase tra
tions of self-interacting scalar theories, which have a sp
taneously broken O(N) symmetry at vanishing temperatur
We have used an implementation of the Wilsonian renorm
ization group approach for field theory in thermal equili
rium in the Schwinger-Keldysh~CTP! formulation @10#.

We have reviewed and discussed this ‘‘thermal renorm
ization group’’ ~TRG! approach in Sec. II. The approach h
a number of advantages as compared to the more com
RG approach in the framework of imaginary-time therm
field theory: It allows for the direct computation of real-tim
observables in field theory at finite temperature, avoiding
need for analytical continuation. Thus quantities like therm
damping rates and the like are easily accessible and
results may be found in the literature@11#. As for the
imaginary-time RG approach, the method is nonperturba
and allows for the treatment of situations in which perturb
tion theory fails, which is typically the case near seco
order phase transitions or in strongly coupled theories.

Since the real-time formulation of thermal field theo
clearly distinguishes thermal and quantum-fluctuations an
cutoff is only introduced for the thermal fluctuations, on
obtains a direct connection between the physical coupli
of the theory at vanishing and at nonvanishing tempera
and there is no need to take into account zero-tempera
renormalization scheme dependencies. Furthermore,
TRG manifestly respects gauge invariance.

Finally, after a straightforward generalization of the fo
malism given in Sec. II, the TRG may easily be applied
field theory at finite density~chemical potential! or to theo-
ries with a nonthermal density matrix. The method thus
fers a nonperturbative approach for the study of a numbe
interesting questions in field theory in a hot and possi
dense environment.

.
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The main part of the present work is concerned with
application of this formalism to O(N)-symmetric scalar theo
ries in 311 dimensions at temperatures near the critical o
We have given extensive discussions of the casesN51 and
N54, which are especially interesting for a number of re
sons. The caseN51 in three dimensions corresponds to t
well known Ising model. The electroweak sector of the st
dard model is in the universality class of the Ising mode
the zero-temperature Higgs mass is at its critical va
;70 GeV @18#.

We have given the critical temperature in terms of t
scalar self-coupling atT50 and found good agreement wit
results found from the exact renormalization group in
imaginary-time formulation@26# ~Fig. 5!. The results dis-
agree with the values found in the environmentally friend
RG @30# but are consistent with results from the auxilia
mass method@31#, where the latter yields results that a
basically identical to the perturbative values for couplings
to g51/3 ~Fig. 3 of the last reference of@31#!. Although the
approach of@30# differs from the one used in the prese
work, the discrepancies of the results on the critical tempe
ture are somewhat surprising and should be further un
stood.

We have discussed the critical behavior of the theory
length, focusing on the universal aspects encoded in crit
exponents, amplitude ratios and the scaling equation of s
~Tables I and II, Figs. 6 and 7!. Whereas the exponents foun
in the present work are not as accurate as the results fo
from Borel-resummede expansion and other methods wor
ing directly in the three-dimensional effective model, t
scaling equation of state compares very favorably with
sults from Monte Carlo simulations in three dimensions. T
demonstrates the power of the TRG and also demonstr
explicitly in a nonperturbative context how the critical b
havior of the finite temperature theory is governed by
three-dimensional Euclidean model.

After the discussion ofN51, we have turned to the cas
N54, which is presumably in the same universality class
the chiral phase transition in the case of two massless flav
We find a similar situation as in the case ofN51: The
critical temperatures are compatible with the results from
b-
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ERG in imaginary time@26# ~Fig. 8!. For this case, results
from the environmentally friendly RG or the auxiliary ma
method are not available.

Concerning the critical behavior, we again find a scali
form of the equation of state in very good agreement with
results from the exact renormalization group as given in@51#
~Fig. 9! but a somewhat larger difference in the critical e
ponents and amplitude ratios~Tables III and IV!. We have
argued that this situation should improve going to high
order in the derivative expansion.

Finally, we have given the critical temperature as a fun
tion of N for a large range ofN, using a small value of the
zero-temperature couplinggT5050.1 ~Fig. 10!. We are able
to study the limitN→0, which is of interest for statistica
physics, and find results consistent with the values obtai
from the exact renormalization group in the imaginary-tim
formulation and also with naive perturbation theory.6

Altogether the TRG has proven a useful and flexible to
in the study of field theory at finite temperature. It allows f
the study of universal and nonuniversal quantities and m
be extended to theories involving gauge fields@14# and fer-
mions or to situations at finite density or more general d
sity matrices. It offers a nonperturbative way of studyi
dimensional reduction and furthermore allows for the inv
tigation of real-time quantities and questions related to
dynamics of systems at finite temperature.
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