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We formulate the thermal renormalization group, an implementation of the Wilsonian RG in the real-time
(CTP) formulation of finite temperature field theory, for fermionic fields. Using a model with scalar and
fermionic degrees of freedom which should describe the two-flavor chiral phase transition, we discuss the
mechanism behind fermion decoupling and universality at second order transitions. It turns out that an effective
mass-like term in the fermion propagator which is due to thermal fluctuations and does not break chiral
symmetry is necessary for fermion decoupling to work. This situation is in contrast with the high-temperature
limit, where the dominance of scalar over fermionic degrees of freedom is due to the different behavior of the
distribution functions. The mass-like contribution is the leading thermal effect in the fermionic sector and is
missed if a derivative expansion of the fermionic propagator is performed. We also discuss results on the phase
transition of the model considered where we find good agreement with results from other methods.

PACS numbs(s): 11.10.Wx, 11.30.Rd, 64.60.Ak, 64.60.Fr

[. INTRODUCTION As long as one is mainly interested in static quantities
such as the free energy, etc., there is of course no need to
Finite temperature field theory has become a mature padonsider time dependence. Since both formulations should
of theoretical particle physics over the past 25 years. Sincgield the same answers for all quantities one will usually
the seminal work of Kirzhnits and Lindgl] on symmetry  pick the technically simpler one—which most of the time
restoration at high temperatures there has been a strong theill be the Matsubara approach. However, even in a calcu-
oretical interest in methods and results in the field. In recenfation within a thermal system, time-dependent correlation
years, the experimental quest for the high temperature stafanctions carry important physical information to be inter-
of strongly interacting matter, the quark-gluon plasma, hagreted within linear response thedry]. Thus for example
attracted additional interest. Nevertheless, there has a largke decay of out-of-equilibrium fluctuations of a given sys-
number of open problems both on a phenomenological atem is governed by the “damping rate,” being connected to
well as on a fundamental level. These range from the equahe imaginary part of the self energy of the corresponding
tion of state of nuclear matter at high temperature and derfields. This quantity plays an importantlecin systems ap-
sity (of interest e.g. in astrophysicto questions about the proaching the critical temperature of a second order phase
approach of a quantum system to thermal equilibrium. transition. In particular it encodes the phenomenon of critical
The most general approach to quantum field theory in &lowing down[6]—the fact that the equilibration time di-
nontrivial “environment” (as specified by a density matrix verges ad — T.—and governs the initial density of possible
at some initial timet;) was proposed by Schwingg2] and  topological defect$7]. It also provides a link between fun-
Keldysh[3] and is known under the name of the closed time-damental physics and a commonly used phenomenological
path (CTP) formulation of quantum field theory. This ap- approach to out-of-equilibrium systems using Langevin-
proach allows for the calculation of operator expectation val-equationg8—10] with potentially large qualitative impact on
ues in quite general systems, including systems in thermahe behavior of such systemig&1]. The fact that realistic
and chemical equilibrium. The special case of equilibriumsystems will be prepared at some temperature and then
physics has, because of its relative simplicity, attracted mostooled(or heategl “through” a phase transition during some
of the attention in the field. It has also led to t@o principle  finite time thus provides a strong motivation to study thermal
equivalent formulations, known as the Matsubara or imagi- field theory using the real-time formulation.
nary time and the real-time formulation of thermal field As for quantum field theory at vanishing temperature,
theory (see e.g[4,5]). As the names suggest, in tlimore  there are in general no exact analytical methods to do calcu-
widely used Matsubara approach one formulates the theoryations in finite temperature field theory. On the other hand,
in Euclidean spacéwith a finite time interval, the price to  the methods we use in standard field theory may be more or
pay for this being the necessity of analytically continuing allless trivially adapted to systems in or close to thermal equi-
time arguments of Green functions at the end of the calculalibrium. One may in particular tackle a number of nontrivial
tions. The real-time formulation, on the other hand, works inproblems using standard perturbation theory, i.e. the expan-
Minkowski space throughout and thus the need to do analytision in some small coupling. It is however widely known
cal continuations never arises. that due to the emergence of an additional dimensionful
parameter—namely the temperatdre-the usual criteria for
the (superficia] convergence of perturbation theory are
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transition. The reason is that at a critical point the correlatiorthe implications of this observation for calculations in mod-
length of the order parameter field diverges and the theory isls with chiral symmetry. A necessary ingredient for fermion
correlated over all scales. In such a situation the behavior afecoupling in the framework of the TRG is an effective mass
the perturbative series is drastically modified by infraredterm which does not break chiral symmetry and is obtained
phenomena. Thus for example perturbation theory predicts fiom considering “hard thermal loop” contribution7].
first order phase transition f@(N)-symmetric scalar theo- These result in a complicated dispersion relation for fermi-
ries in 3+ 1 dimension, whereas we know this transition to onic fields and we discuss how the propagators may be sim-
be of second orddi2,13. Also the damping rate mentioned plified without loosing the important effects.
above in perturbation theory is found to diverge at the phase The paper is organized as follows: In the next section we
transition, yielding “critical speeding up” instead of the ex- present the formulation of the thermal renormalization group
pected slowing down. equation for theories involving fermionic degrees of free-
A method which is well known in statistical physics and gom. It will be a straightforward extension of the TRG for
has become more widely spread in the particle theory comgcgjar theories and for details of the practical application

munity in recent years is the "Wilsonian renormalization jncjyding necessary approximations we refer the reader to
group” invented specifically to deal with situations involv- [21,24. In Sec. Ill we introduce the model we will use.
ing divergent correlation lengtiig4]. The first application of - gotion v contains the discussion of the fermionic disper-

this formalism to field theory is due to Polchinkdil5], see . : . .
also[16]). The standard way of adapting the method for a5|on relations and constitutes an important part of the present

relativistic field theory works in Euclidean space-time, andwork' In Sec. V we then report on the results we find for the

there are a number of concrete realizations of this approaCH_niversal aspects of the critical behavior of the model under
These range from the “environmentally friendly” RG17] consideration. These compare well with results from other

and references thersirvia the “auxiliary mass method” approaches and prove our method to constitute a good start-

[18,19 to the “exact renormalization group(ERG) of Wet- ing point for the nonpertur.b.ative exploration_ of dynamical
terich [20]. These methods are straightforwardly adapted tg2SPects of the phase transition. Section VI gives a summary
finite temperature calculations in the Matsubara formalismand conclusions.
However, as pointed out above, there are a number of inter-
esting quantities that may not be obtained in a direct way
from calculations in the imaginary-time formalism and it Il. THE THERMAL RENORMALIZATION GROUP
thus is attractive to devise methods for calculations directly FOR FERMIONS
in real time that are also able to deal with critical theories. ) ) . .
One such method is the “thermal renormalization group” In thls_se(_:tlon we discuss the for_mu_latlon of the thermal
(TRG), proposed by D'Attanasio and Pietrdii1] for scalar renormalization groupjTRG) _for fernjlonlg degrees of free_-
theories and later also generalized to gauge the2igs It dom. The TRG equation is a Wilsonian renormalization
was shown iff23] and[24] that this method provides a good 970UP equation in Minkowski space for the dependence_ of an
tool to study the phase transition @ft vanishing temperature ©fféctive action on an external cutoff scalg where this
weakly coupledl scalar theories. Also a first calculation of CUtoff is imposed only on the thermal fluctuatigizs]. This
the behavior of the damping rate of a scaldrtheory close IS possible since in the real—tlme formulation of th.erm_al fle_ld
to its critical temperature was performed[25] and critical  t€ory the propagators contain two parts, one being identical
slowing down was indeed observed. to the (T=0) propagator and_an_othe_:r one belng _multlplled
In the present paper we will be concerned with the for-by the appropriate thermal distribution. We will impose a
mulation of the TRG for theories with fermionic degrees of CUtoff on this second part. A somewhat more extensive dis-
freedom. As an example we will study a simple model dis-cussion of the closed time-path approach to thermal field
playing a spontaneously broken chiral symmetry which istheory in connection with Wllsonla_n renormalization group
restored at high temperatures. This model involves two flamethods may be found ii24]. We will here assume that the
vors of chiral fermions and a®(4)-symmetric scalar sector reader_ is fam|I|arIW|th therma_l field theory in real time, and
with at T=0 spontaneously broken symmetry. A Yukawa only d!scuss the |mplementat|on of the cutoff and the corre-
coupling of the fermions to the order-parameter field therSPONding RG equations. _ L
breaks the chiral symmetry in the presence of a nonvanishing As stated above, the suppression of soft contributions to
vacuum expectation valud/EV). This modification of the 1€ Path integral is implemented by modifying the two-point
sigma model was investigated [i86] and is believed to de- functions. In the operator approach, the propagators are ob-
scribe theN;=2 chiral phase transition of QCD in the limit tained as the expectation values of time-path-ordered prod-
where the axial(1) symmetry is completely broken. Based ucts of two field operators at dlfferent. space-time points.
on universality arguments the theory should undergo a phaégtroducmg for fermionic fields the Fourier decomposition
transition of second order with critical exponents of an

0O(4)-symmetric scalar model. After the formulation of the .

TRG we concentrate on the universal critical behavior. It A (~ikx)
turns out that the standard tool in the application of Wilso- P(x)= = | 2mP20 [b(k,s)u(k,s)e
nian renormalization group equations, the derivative expan- K

sion, does not work in the fermionic sector, and we discuss +dT(k,s)v(k,s)el™)]
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. a3k . SeA(X ) ap=(Pa(X) Pp(X"))5 |
T _ T k T k (IkX) C,A ﬁ ﬁ B
P0=3 | o bksulose ®

SoA (X)) ag= — (WX ) ra(X)) 5

Inserting Egs(1) and Eq.(2) with the modification Eq(4)
the propagator depends on the expectation values of produdigus gives
of b, b', d, andd’. In thermal equilibrium at a given tem-

4
eratureT= 3" ! one has - N d’k 2
P B iSe A (X—X )aﬁ—f a2 T —mg)

(b*(k,5)b(k’,s")) s=(27) 320, N(wy) 855 S(K—K')

+d(k,s)vT(k,s)el "] (1)

X (K+mp) e~ Ke)
(d*(k,9)d(k’,s")) s= (27)°20,N(wy) S5 S(k—K") X[Oc(t—1")8(ko) + Oc(t" — 1) 8( — ko)

) N ”
(B SD" (K8')) = (2m)°203(L - N(w)) g SR~ K) Mk O, A1 ©
Now we may adopt the matrix notation which has become
(d(k,s)d+(k’,s’))ﬁz(277)32wk(1—N(wk))555, S(k—K") common in real-time thermal field theofgee[5]) and write
the fermion propagator as

Sp(k)=

whereN(w) is the Fermi-Dirac distribution, Af (Af—AL*)6(—ko)
1 (A5—A5*)b(ko) — At

N(w) (©))

Tl C R 1 1
—(Ap— A" )N([ko|) O(|K| — A) 11 (10

The above expectation values differ from their bosonic coun-

terparts only by the appearanceMfw) instead of the Bose With

distribution N(w) and by the minus-sign in the last two ; o - R
equations, this being due to the anticommuting nature of the Ap=[k—mot+ie] ", Ag*=[k—mo—ie]™", (11
fermion fields. The introduction of the cutoff scale now
proceeds in the same way as in the case of scalar fi2lds
namely by replacing

where we have already switched tagunction cutoff. To-
gether with an analogous expression for the modified scalar
propagatof21] we then define the scale dependent partition

N(w)—N(w;A) 4) functionZ,[J,n, 7] as
with zA[J,n,Z]:f 5¢5¢5Eexp{i(%¢ogl-¢+Z-s;1-¢
N N(wy) for |k|>A, - _
N(wi;A)— R (5 +J~¢+n-¢+¢f~n+$m[¢,t//,¢])}- (12)
0 for |k|<A.

This implies that the “hard” modes are in equilibrium at From the way the cutoff was introduced, it is obvious that

temperaturel whereas “soft” thermal fluctuations are sup- N _ (T=0) —
pressed. We will write Zy_[I,m,m]=2ZV "1, m,m] (13

_ . and that in the opposite limi\—0 the usual generating
N(w;A)=0([k|,A)N(wy) (6)  functional for the theory at temperatufieis obtained. Fi-
nally, since all scale dependencef is explicit and con-
and in practical applications always use a sharp cutoff withtained in the terms bilinear in the fields, it is straightforward
(|IZ|,A)= 9(||Z| —A). The cutoff thermal propagator then to obtain an expression for the dependence of , .
reads @ and 3 are spinor indicesJ . denotes time ordering As in the Euclidean formulation it is however more con-

on the contourC) venient to work with a slightly modified version of the ef-
fective action, the generating functional for the one particle
1S6.4(6X") 5= (Tetha(X) ¢B(XI)>2 irreducible (1PI) Green functions. This is obtained from the

Legendre transform of the logarithm gf, according to
:ﬂc(t—t’)S:A(X,X')aﬁ o ] o o
L , Cilegpl=—1InZy=J-o=n-hb—¢-7
+0C(t _t)SC’A(X,X )a,B (7)

1 -1 o1
with _EGD‘DA =S\ (14
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Here the fields are now the ‘“classical” fields ag  mal renormalization group: To derive the flow equation of a
=48(—i1InZ,)/8] etc. The sources on the right hand side arespecific coupling, write down the one-loop diagrams that
to be regarded as functionals of the fields, given by the inwould contribute to this coupling, taking into account all
version of the above expressions, and are thus scale deperertices allowed by the symmetries of the theory under con-
dent. The RG equation governing the scale dependence efderation. The flow equation is then obtained by considering
I', is now easily obtained and one finds only those parts of the diagram which involve thermal dis-
tribution functions(since theA dependence only comes with
those in the TRG approaghreplacing the distribution func-
tions according to Eq4) and similarly for the Bose distri-
(15) bution, taking the derivative with respect to the explicit scale
dependence and then performing the loop integral. It is ob-

which is a straightforward extension of the scalar TRG equaVYious that this integral will be finite. The UV behavior of the

i
A&AFA[CD] = ESTI’

82T, -
(Ad\D Y| ——+D;t
MM sosp N

tions[21]). ® denotes a superfield thermal parts of any Feynman diagram is never problematic
since any UV divergences of the full theory at finite tempera-
b= (d’ﬂlfj), 5:(¢, _J,,/,) (16)  ture reside in theT=0) parts of the diagrams. The behavior

in the infrared, which might be problematic in perturbation
and the supertrace takes into account the anticommuting n&aeory, is regulated by the introduction of the external scale
ture of the Grassmann fields. Note that we have supprességee Eq(5)]. The formal exactness of this approach is due to
all indices: The fields carry a spacetime index, a thermathe use of full propagators and vertices.

index, possible internal indices affbr the fermions Dirac In order to simplify the calculations somewhat we may
indices. All these are traced in E@.5). Also by our conven- make use of an observation made[28], namely the fact
tions the bare inverse propagator matrix reads that one may get rid of the fields on the lower part of the
CTP contour(the “thermal ghost fields) if one is interested
D, (k) in physical observables. To this end one may introduce a
D (k)= Sy H(k) (17)  functionall" which depends on ongsupeifield ¢ (without
_ thermal indicesand is defined through
(Sy (k)T
and we have r[q)]zr[q)laq)z[q)l]]l@l=¢>' (20)
8T, 8T, 8T, Here®, is the solution to its equation of motion for arbitrary
— ®4, i.e. we have
Spdp SOy spoy !
Ty o | _OTa _OFTa Oy —6F[;I>£,<D2] =0. 21)
soob Sysd  SUSy  SYoy 2 o,ay0y
5T, 5T 8T For space-time independent fields one #g§®,]=®, and
SYdd SYdY SUdw Eg. (20) is up to a constant equivalent to
(18) —
SI[@] OT[D,,D,]
The general properties of the TRG equation are extensively 5D 5b, (22)

discussed if21,24 and we will here only make a few re- ®q=®,=®=const

marks in order to make the present work self-contained. Let, . . - .
us first note that no approximations have been made at tr?ﬁéhls 1S tﬁel def|n.|t|orl1 that we will use below. The TRG equa-
point. The TRG equatior15) is an exact relation on the tion for 'Y [which is obtained from Eq22) after replacing
same level as for example the Schwinger-Dyson equationd. With I'y] is readily found from Eqs(15) and(22). Some
However, it is of course impossible to give a general solutiorfare is required in the presence of fermionic fields, since
to this functional differential equation—note that the matrix derivatives with respect to fermionic fields do not commute
(r'@+Dp Y~ 1is the full propagator. The equation is for- With @ supermatrix like the full propagator. We have for
mally a one-loop equation and we may introduce the derivagxample

tive 9, which is defined to be a derivative acting only on the

7A ; e or@
explicit scale dependence in the bare propagator. Using this ir(AZ): A +1~§\2)i
derivative we have o¢ op op
' ) (23
_lstAz @)y p-1 O _ oA @2
A&AFA[(D]—ESTI'AaAM(FA +DA ) (19) wFA _5_III+MFA M(s_l,//

and the one-loop character is apparent. We may thus give where¢ (¢) is a bosonidfermionic field andM =diag(1,
simple recipe for calculations in the framework of the ther-—1,—1) (in the present cageThe supertrace is cyclic for
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supermatrices. Note also that the fermionic derivative of &urthermore we use th®(4) symmetry to write
supermatrix(e.g. 8T'(?)/ 54 is not a supermatrix.

In the following section we will first introduce the model
that we will be interested in and then turn to a discussion of
the approximations we have to make in order to convert the
functional differential equation Ed15) into a solvable sys- The fermions come with an additional color index and closed
tem of (partial) differential equations. fermion loops correspondingly yield a factor Nf. .

The effective action given in Eq24) is of course only a
crude approximation to a full effective action of a0)
theory—one could e.g. include perturbative contributions.

We will be interested in a simple model involving only We will nevertheless use this simple form and report nonuni-
scalar and fermionic fields with scalar self-coupling as wellversal results only for small values of the initial couplings
as Yukawa couplings. It is well accepted that the chiral phasgr-q) andhr-g), such that the higher order contributions
transition of QCD in the limit of two massless flavors and anshould be small. The reason for doing so is that the universal
explicitly broken axialu (1) should be of second order, with behavior is unaffected by these approximations and that on
O(4)-model universal behavior. This could in principle be the other hand the nonuniversal quantities would be most
modeled by a simpl®©(4)-symmetric scalar theory witat  interesting using theT=0) parameters that correspond to
T=0) spontaneously broken symmetry. Recently, Jungthe realistic case where observables calculated from the
nickel and Wetterich have pointed out that a modification ofmodel Eq.(24) match those found in nature. A discussion of
the sigma model might actually be quantitatively connectedhis matching and the resulting values for tie=<0) cou-
to QCD by a combination of analytical and numerical calcu-plings as obtained from Euclidean versions of Wilsonian
lations[26]. This model, the so-called “chiral quark-meson renormalization group equations may be found26]. One

model,” includeg[in the limit of strongly broker(1),]the  finds for example that the Yukawa coupling i~ ©(10)
usual sigma-model fields, which are however coupletifo and thus by no means small. If we were interested in non-
dublets of fermionic fields via a Yukawa coupling. As was universal features of the chiral phase transition as obtained
pointed out above, perturbation theory is not applicable evefrom the quark-meson model we would have to address the
for small (T=0) couplings at this phase transition. On the question of initial values carefully. Studies using the Matsub-
other hand, the Wilsonian RG was introduced to deal withara formulation of thermal field theory in connection with the
such situations. The chiral quark-meson model is thus, apakverage effective action yield reasonable predictions for e.g.
from being interesting phenomenologically, an ideal testinghe critical temperaturf29].
ground for our method. Within our approximations the effective acti¢@4) thus

We shall not discuss in detail here how the model may beonstitutes the boundary value for the solution of the TRG
connected to QCD and refer the readef26] for details. We equation (15) [combined with the definition oﬂTA Eq.
will actually in the present work not even try to make quan- 5011 We now have to discuss the approximation’s we will
titative contact with this effet;tive description by 'choosing use in order to bring this equation into a solvable form. The
the values of the T=0) couplings accordingly—this could iy h1e5t approximation one may think of is to assume that

In prlnC|pIe_be done af?d we briefly comment on this b_elow.t e effective action at finite temperature always has the same
For the main part of this paper we shall discuss the universaf . oo given in Eq(24) and that only the couplings—in

physics obtained for this model in different approximations.,[hiS case the scalar mass term, the quartic coupling and the
These are independent of the initial values of the couplings{ukawa coupling—depend on the scale One then obtains

and thus also apply to thdl;=2 chiral phase transition. ) ) —
Nonuniversal quantities will only be considered for smallthe flow equations of those couplings by plugging from
(T=0) couplings in the present work. E_q. (24) |.nto.Eq. (15 anq ma_tchlng cqefﬂments on bo';h

The initial condition that we will use for the effective SideS- This simple approximation will give completely mis-
action FA as A, ie. the effective action of theT(=0) leading results, for reasons to be discussed in the next sec-
theory is[remember that the free two-point functions aretlon- In the ?‘bsence of fermior(éor h=0) th!s_ approxima-
subtracted i, cf. Eq. (14)] tion would give a_second (_)_rder phase tranS|_t|on_, however the

values for the universal critical exponents will differ strongly

from known results. The situation can be considerably im-
proved if one allows for a general form of the effective ac-
tion for a constant scalar fiele{ x) = p [23,24]. The effective
action for constant field is connected to the effective poten-
tial through

(26)

1 .
p=Tr(¢"e)=5(0*+ 7).

Ill. THE CHIRAL QUARK-MESON MODEL

. 9(r=0) pz

FA_mo: f d4X

Fer-of|

It involves a fermion flavor doublet as well as a scalar mul-

p—o'

2

p+o’
2

+ s yl. (24

tiplet containing four real degrees of freedom,

=yt ), ¢=1(a+i;;)_ (25)
v 2

Fylo= @,w=l=01=(m2p—U<p>)f ax  (27)

for a constant configuratiop with the bare massn. The
effective potential corresponds to the free energy for constant
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fields and it approaches a universal form at a second ordejiven in Eq.(24) for all values ofA. In particular, we always
phase transition. For the results for this universal form inevaluate the Yukawa coupling at=0 and at vanishing en-
scalarO(N) models, using the approximation of a standardergies and momenta.
kinetic term[as in Eq.(24)] and a general effective potential, Let us then discuss as an example the flow equation for
see[24]. The critical exponents one finds in this case are inthe p derivative of the effective potential. This is obtained
much better agreement with the known values than in thg.om the flow equation for the derivative ofl", at constant
case of a simple polynomial approximation 1ar{21]. d ishina and o

Neglecting corrections to the kinetic term may be motj- ¥ @nd vanis Ing/s and
vated by arguing in the framework of an expansion of the ST
effective action in powers of derivatives. In this expansion, Ao?A(goU’(p))=A&A—A
the effective potential is obviously the lowest order term. o= consty=y=0
The leading term beyond this approximation then is obtained
from the scalar wave-function renormalization, i.e. using the _ 8°T'x

approximation _EST{ Fa foles 5D 5P

p=consty=y=0

= — 29
Filod 9= [ a2y - D)Tr %615, 0) (29
Here we have introduced the kernel

+m?p—U (p)]+ Fermion-contributions.

82T o 82T o

oD 6P

Here the wave-function renormalizatia@n, , which could in
principle be a function of the field, is evaluated at the mini- K',{
mum of the effective potential. This will be the approxima-
tion we use in the scalar sector of the model. It is widely
used also in Euclidean versions of the Wilsonian renormal- (KT

ization group, see e.¢29]. In particular we will neglect all

imaginary contributions to the two-point functions. TheseThe scalar kernel may be rewritten [&i]

would only indirectly affect the scale dependence of the ef-

fective potential through a contribution to the anomalous di- . b/« bs AB—(Aby* 11
mension. Since the anomalous dimension will turn out to beKA=—A8(|k[—A)AZ(A}) WN(“‘OU 1 1)
very small in all situations that we will be interested in, we 0L=0 (31)
believe that dropping imaginary contributions results in neg-

ligible errors in quantities like the critical temperature andthe fermion kernel is obtained from E¢B1) by replacing
the critical exponentgwith the possible exception of, see  he hare and full bosonic propagathf andA® by the cor-
below). On the other hand the imaginary parts are interestingegnonding fermionic ones and substituting the Bose distri-
objects by themselves and we plan to study them in futurg) ;o N(w) by the minus Fermi-Dirac one. Note that we
work. have already inserted a sharp cutoff for E8{l). Because of

Let us now turn to the sector involving fermionic fields. o thermal matrix structure of the kerel and the fact that
Here the situation is more complicated. The reason for th 28]

complication is that in contrast to the bosonic sector, where

the leading finite temperature effects show up in a local con- ST 5
tribution to the mass<T in lowest order derivative expan- S S E — T, (32
sion, there is no local massterm generated for the fermions. ODSPSD  11=12 6D 6D;6P,

D=0, =0
We will come back to this issue in Sec. IV and for now only 2
consider the interaction term. Here one obtains to lowesfne trace over the thermal indices in HQ9) allows us to
order in the derivative expansion a general function of therewrite the riaht hand side in terms bf. . Furthermore for
fields [which should respect theSU(2)xSU(2)xU(1) 9N . A

/ real self-energies we may write
symmetry of Eq.(24)]. However, one expects the fermions

to decouple from the infrared physics and universal quanti- AD_ (AD)*
ties should be independent of the approximations in the fer- AR (AR)* ¥=27ripﬁ(q) (33
mionic sector. The dependence of nonuniversal quantities as Ag(Ag)*

the critical temperature should in principle be calculable in
perturbation theory and we may, as long as we restrict ourwith the spectral density, and similarly for the fermions.
selves to small values dT(T:O) and g(r—), always argue The spectral densities may be obtained from the ansatz for

that any induced coupling involving fermions are of higherthe effective actiod™. In our case, using the approximations
order in the T=0) couplings and thus negligible compared discussed above for the scalar fields and for the moment
to the Yukawa coupling. We will thus approximate the inter-dropping any momentum-dependent contribution other than
action between fermions and bosons by the original form ashe standard kinetic term for the fermions, we find
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1 1 the mechanism behind fermion decoupling at high tempera-
2mipf() = tures.
Z)q°—M*+ie Z q°—M“—ie Let us start with discussing the high-temperature limit of
our model. We will work for the moment with the simplest
ZwipfA(q) _ g+m,sg 3 g+m,sg ?pproxijmatliortl tl? t_h? full flow tetc?]uatifc;n 1;<_)r theteffﬁc':iveda::r;
9o m)z(seﬂf qz—m)z(SB—ie ion and only take into account the effective potential and the

Yukawa coupling and sef, =1. The flow equation for the
(34) . A SO
Yukawa coupling reads within these approximations

wheremf(SB:sz/Z andM? are the eigenvalues of the ma-

3 - -
trix 9°U/dpde. For e—0, the spectral densities yield AﬁAFZ A n3 1 N(_“’O) + N(A) (37)
functions which allow us to perform the, integration im- 472 U'(0)| wg A
plicit in the trace in Eq(29). The angular integral is trivial
for constant fields. Finally from thd derivative of the cut- where
off, we have anotheb function[cf. Eq. (31)] which allows
us to perform the integration with respect to the modulus of Z§:A2+ u’(0). (38
the loop momentum. The result for the flow equation of the
effective potential is Considering now the limit off large compared to all scales
o in the theory we may use the asymptotic expressions
AyU 0)=— | U+ 200 M0 02
"(p)=—— "(p)+2pU(p w, T
A 42 VZpo, N(X) — — (39)
o s~ — T>x
Nw,) = —, A" N(w,)
+3U” O(w2)|—N;—h*—=
(P) \/ZA‘wﬂ, ( 11-) c 772 w0y and
35 ~ 1
39 N(x) — > (40
with T=x
—_ 2., 11 " to obtain the system of flow equatioi35) and (37) in the
@5 =2 AU (p) +2pU%(p) high-temperature limit
—2_ 2 '
wW—ZAA +U (p) (36) , TA3 3U/r(p)+2pu(3)(p)
- AU (P)lhight=———| <50, p
2 4 [ A“+U'(p)+2pU"(p)
—_ A2 p
ww—A + T ”
U”(p)
; ; : A%+U'(p)
The © functions arise from the bosonic spectral dengy] p
and will be understood in the following. The structure of Eq. (41)
(35) is again easy to understand from the one-loop character A3 m _TA3’?3 1 N
of the flow equation: the first contribution is from the radial AtTlhigh-T 42 U’(0)(A2+U’(0)) '

mode which is massive at the minimumW@{p), the second

contribution is from the 3 Goldstone-bosons which are massre contribution of the fermions to the flow of the effective
less at the minimum, and the last contribution is from thepstential thus vanishes in the high-temperature limit, due to
2N, fermionic fields which are degenerate. the different behavior of the distribution functiof39) and
Similar flow equations may be obtained for the Yukawa(40)_ This is what is referred to as “fermion decoupling”
coupling and the scalar wave-function renormalization conynq the TRG thus reproduces the fact that the dynamics of
stant. Before we come to an investigation of the critical beyhe soft modes in the high-temperature limit is independent
havior of the model using these flow equations in Sec. V, W& the fermionic content of the theory.
will in the next section turn to the question of approxima- | et ys now turn to the question about fermion decoupling
tions to the fermionic two-point function. at a second order phase transition. One is interested in this
case in a(three-dimensionalscaling solution for the free
IV. FERMION DECOUPLING, UNIVERSALITY energy(i.e. the effective potential In order to investigate
AND HARD THERMAL LOOPS this scaling solution it is useful to introduce rescaled vari-

In this section we will discuss how the fermions decoupleables according 1623]

from the critical behavior of the quark-meson model, leading

to a second order phase transition wili4)-model critical K= L’ U(K):U(p) UM = AN3Tn-1y ),
behavior. We will argue that the mechanism of fermion de- AT AST
coupling at a second order phase transition is different from (42

125005-7
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At this point we do not rescale the Yukawa coupling, since ifandN,, in contradiction with the assumption of universality.
we assume the fermions to decouple there is no reason whyis not hard to see what spoils the high-temperature argu-
this coupling should approach a scaling solution. Introducingnentation in the present case: It is the fact that we should

furthermore the dimensionless flow parameter
A== (43

we obtain for the flow olu’(«) from Eq. (35)

NU' (k)=—2u'(k)+ kU"(k)

A N\, N,
——— [ (3u"+2xku®) ( )+3u" (Aeor)

4’772 o (&
1_nA\w )
_NC_ZhZM (44)
T Wy,

with the dimensionless quantities
wi=1+U"(x)+2kU" (k)
wi=1+U'(x) (45)

. Pk
w¢:1+ K

and n(x)=[exp®—1]"% n(x)=[exp&)+1]"L. The flow

equation for the Yukawa coupling is rewritten accordingly as

1 1
Ndyh=h®— ——
472 u’(0)

n()\wo)

o

+n(1) (46)

really not compare the behavior of the distribution functions
alone, but rather the contribution of couplings times the dis-
tribution functions a3 — 0. Then it is clear that for a scaling
solution (i.e. at a second order phase transitiovhile the
scalar distribution function diverges for smallas\ ~ %, the
four scalar coupling multiplying it is renormalized to 0 with
the same power of. The product remains finite for—0.
In contrast, the fermion distribution function does not di-
verge, but on the other hand the Yukawa coupling is not
driven to 0 withA—the product also remains finite and is
thus for all\ of the same order as the scalar contribution.

This is a particular feature of the critical point. For
#T., away from the second order phase transition, the sca-
lar coupling is not renormalized to zero and indeed the prod-
uct of coupling times distribution function for largé/w
dominates the fermionic contribution as shown above.

Also notice that the presence of a fermion mass téam
for k#0) changes the situation. While the behavior of cou-

pling times distribution function does not changestill ap-
proaches a constantnow the factorml;1 in the fermion

contribution toAd,u’ (k) behaves asy2\/h?« and sup-
presses the fermion contribution. This observation will help
us to see how universality is saved and fermion decoupling
works, a question to which we turn now.

To this end, let us turn again to the truncation used to
derive Egs(35) and(37). We have pointed out that we have
neglected all terms beyond the effective potential and the
Yukawa coupling. In a purely scalar theory, it is known that
using only the effective potential one already obtains quite
reasonable results for the critical behavisee e.g/[24]).

where wo=1+u'(0). We will see that the problems with 15 js que to the fact that for the critical theory one is
decoupling within the present approximation concern the "eaffectively using an expansion in themal) anomalous di-

gion of smallx, thus to simplify the discussion and to make ansion. There is however one other important aspect of the
our point clear we expand the effective potential in powers Ot erma] effects on scalar fields which is fully covered by the

x. Introducing couplings according to

u(K)=; %Kn (47)

we obtain flow equations for the, from Eq.(44). Let us for
example consider the scale dependencegfwhich is di-

rectly obtained from Eq44) by settingk=0. It involves the
scalar mass ternu, itself as well as the scalar four-point
couplingu, (remembemn = ¢?/2) and the Yukawa coupling
h. A scaling solution for the scalar couplings may arise
only in the three-dimensional limit, i.e. foar— 0. In order to
identify the corresponding fixed-point values of the cou-
plings we thus expand the flow equations. In the case;of

we have

NdyUy=—2 Y2 Lieion (s
HUp=—2u; 21y, o2 +O(N) (48
and the fermionic contributions obviously do not

decouple—a possible fixed-point value would dependTon

approximation with only an effective potential—the genera-
tion of a thermal mass. One may easily check that within the
present approximation one reproduces the “hard thermal
loop” (HTL) result for the scalar mass term: Consider the
present model for simplicity wittN.=0. The flow equation

for the mass then reads from above

A3 5 N(w,)
AaAU'<p>=—ﬁ (3U"(p)+2pU! >(p>);—
N(w.)
+3U"(p)——|. (49
w’IT

Adopting a perturbative point of view, neglecting®)(p)
and replacing in the spirit of the HTL approximatian,
=w,=A, we obtain

A
9\U'(p)= —64 (50

1
2 U (p)eA/T_ 1
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k 2t
P _my Po, (PotP
7 . a(po,P)—E 1 2F)In po—P) (52
P d \ P )
2[ 2
Myl Po 1 Po potP
= - — 4 = — —
b(po,P) P P 2(p2 1)In o P
p+k i
FIG. 1. The one-loop contribution to the fermion self-energy. wherem? is a quantity with the dimension of (masspiven
by
Remembering that the boundary condition for the flow is the -
(T=0)-effective action and neglecting—again to leading or- mz_h_Tz (53)
T_ .

der in perturbation theory—the scale dependenc®fp) 16
we easily solve the flow equationt50) to find the
temperature-dependent mass term to be given by The dispersion relation corresponding to Esp) is given by
[we useu=(1,0,0,0) for the rest frame of the heat bath as is
" commonly dong
, , U"(p) _,
U'(p, T)=U"(p,T=0)+——T (5D

0=D(w)=[1+a(w,P)]*(w?>—P?)
+2[1+a(w,P)]b(w,P)w+b(w,P)?. (54)
reproducing the leading order perturbative result. The posi-
tive contribution=T? of course is also the reason for the This equation has four solutions . which can however
restoration of the spontaneously broken symmetry. The reanly be given analytically in limiting cases. A general fea-
son why this leading order high-temperature result is reprotyre is that the solutione@= *+ w_ have the samépositive
duced in the simple truncation with only the effective poten-ratio of helicity over chirality and are thus connected to the
tial is that it is obtained as a local contribution to the ysual solution at vanishing temperature. The other solutions,
effective action. Of course, this local contribution is fU”y w=*w_ have a negative he||C|ty over Ch|ra||ty ratio and
resummed if we solve the flow equati@b) without further  constitute a collective mode termed the “plasmino.” Rs

approximations. —0, both solutions approach each other and
In contrast to this simple behavior of the leading thermal
contributions in the scalar case, for the fermionic fields there =
is no local mass term generated by hard thermal loops. It is w+(P) - my=+. (55)
however well known that the leading order corrections to the my>P 3

fermion propagator lead to modified dispersion relations
which for small momenta resemble the ones of a massivén the opposite limit, folP>m+, one finds that _(P) ex-
particle without breaking chiral invariance far=0 [5]. If ponentially approacheB with an also exponentially sup-
we neglect thermal contributions to the momentum depenpressed residue, Whereas(P)—>P+m$/P. The most im-
dence of the fermion two-point function, or in fact for any portant observation is however that the complicated
truncation that assumes analyticity for the momentum depemomentum-dependence of the effective fermion propagator
dence of the fermion two-point function, we will miss this as given in Eq(52) gives rise to a dispersion relation which
important finite temperature contribution. The effect is nu-resembles for small momenfa that of a massive particle
merically small in the presence of a large enough chiral symwith a mass<T, while chiral symmetry is not broken by this
metry breaking mass, but in the situation discussed abovieehavior. It is also clear that the result given in EsR) may
with k=0, this effective mass term takes care of the decounot be reproduced using a derivative expansion as is rou-
pling of the fermionic fluctuations, as we will argue in the tinely done in calculations using variants of the Wilsonian
following. renormalization group. Since on the other hand in the frame-
Let us first briefly review the structure of the leading con-work of the TRG it is exactly this behavior that guarantees
tribution to the fermion self-energy for largein perturba-  fermion decoupling, we need to find a way to incorporate the
tion theory[5]. The contributing diagram is given in Fig. 1. above results in an approximation scheme for the flow equa-
In the framework of the hard thermal loop approximationtions. We now turn to this question.
one then neglects the external momentum squapédas The canonical way to incorporate nontrivial momentum
well as the masses of the particles in the loop compared tdependence ofr-point functions in the renormalization-
the loop momentum squared. After these simplifications thgroup approach would be to expand the effective action in
integrations may be performed and one obtains for the twopowers of the fields rather than in powers of derivatives. In
point function of a massless fermiol? & \/ﬁ) order to obtain a closed system of flow equations one then
has to truncate the infinite tower af-point functions by
hand, either by setting the-point functions withn larger
(AH " Y(p)=(1+a(py,P))p+b(poy,P)u than somen,,,5 t0 zero, or by using e.g. perturbative expres-
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sions for those. We could in principle follow such an ap- A3

: : : . — 5] N(wo) N(w o)
proach, using scalarpoint functions derived from an effec- Adh=— 2h = — - =
tive action as given above and not imposing any restrictions 4w woD (o) D' (w+ o) (@} o~ wp)
on the momentum dependence of the fermion two-point ~
function. Since however the scale dependence of the fermion _N(“’*vO) 1 _ (58)
self-energy is given by a flow equation which involves a D’(w,,o)(gz_,o—aé)

loop integration over a fermion propagat6t is basically
given by theA derivative of the diagram in Fig. 1 where the
two-point functions are replaced by the modified two-pointHerew,, , w,,, andw, have been given in Eq&36) and(38),
functions as introduced in SeC.),II\Ne would end up with a Wherea&ut and w. gare the positive solutions of
rather complicated integro-differential equation.

On the other hand, we may also use the knowledge about

the structure of the leading thermal corrections to the fer- 0=D(w)=[1+a(w,A;A)]*(0?—A?)

mion propagator as discussed above. This structure is not

changed by the presence of an infrared-cutoff scaleAll +2[1+a(w,A;A)]b(w, AN )@
dependence of the leading correction &ris in the thermal —

mass term(53), which becomes a function of. Thus in- +b(w,A;A)2— h_p (59)
stead of(52), the thermal fermion two-point function for 2

finite values ofA reads to leading order ifi, taking into
account a possible chiral symmetry-breaking masssg
now, atp+#0 andp=0 respectively. Also primes oD (w) denote
the derivative oD (w) from Eq. (59) with respect taw. We
now obtain an additional flow equation which governs the
dependence of the thermal mass , [appearing ira andb
(A" p;A)=(1+a(py,P;A))p+b(py,P;A)l—m s above; see Eq56)] on A. This flow equation reads

_ A3 [ N(w N
Ml Bo(Bot? o =i N0 e
. — ’ _ T wo w+’0
AP0, P == 17 5p 1N b= (56) S
_MH o
_ D’(w,'o)
2 2
LY Po 1 Po Po+ P
P(Po. i) =" __FJrE( 2_1)| po—P

In this way we again have a closed system of differential
equations which furthermore—in contrast to E¢35) and

. . . L . (37), being obtained in lowest order derivative expansion—
Correspondingly, the dispersion relation is obtained from Equntains the most important corrections induced by thermal

. : 2
(54 by replacingmy by mr y and subtractinghysg. The g\ ations. Even though the boundary value for the thermal
solutions have the same general features as discussed above.

2 : .
If we use this approximation for the fermion propagator in mass termmy for A—¢» is zero, by Eq(60) for any finite
the flow equations for the effective potential and the Yukawa) =0 andh? one gets a nonvanishing effective thermal mass
coupling, we find the following result: for the fermions even fop=0. In this way, remembering the
discussion above, fermion decoupling is guaranteed also at
the second order phase transition, since again the “energy-

A3 N(w,) denominator” measured in units df diverges as\—0.
AoU'(p)=— — (BU"(p)+2pUB)(p))— We could thus stop the discussion at this point and use
4 Wo Egs.(57)—(60) to discuss the critical behavior of our model.
N(@.) However, we shall now show that following a proposal made
+3U"(p)—— in [30] (in a different context one may furthermore simplify
o the system of flow equations without introducing large errors

in interesting quantities. This further simplification will turn
(57) out to be very useful once we aim to go beyond the lowest
order in the derivative expansion in the scalar sector.
The key observation is that one may greatly simplify the
effective fermion propagator without changing the most im-
and portant features by writing

3_
—2N,—h?

77_2

N(w.)  No-)
D'(w;) D'(w.)
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D)= (1+a(po,P))p+b(po,P)ti+m, sg _ BHmsst O(mEP)
(1+a(po.,P))?p*+2(1+a(po, P))b(Po. P)Po+b(po, PP~ Mgy p?—2m2—mZgg+ O(mi/P?)

Af( (61)

and neglecting terms suppressed by poweiB.@learly, for  universal results will be independent of the simplifications
m,sg=0, the resulting expression preserves chiral invarianc@erformed in order to arrive at E¢62).

on the one hand, but displays the behavior of a massive Before we turn to a discussion of the universal critical
propagator as far as the dispersion relation is concerned drehavior in the next section, let us consider the modifications
the other hand. If we use this modification, the flow equa-brought about by the emergence of a thermal mass for the
tions for the potential, the Yukawa coupling, and the thermafermions and the quality of the approximati@). In order

mass read to check the universality of the critical behavior we may
o consider the model for different values of the Yukawa cou-
, A3 ” N(w,) pling FTZO at the respective critical temperature. If we ap-
Ada U (p)=~ A2 (BU"(p)+2pU(p)) > proach(the)critical temperature from below, the effective po-
7 tential always has a nontrivial minimum at a finite value of
N(w,) A3_N(Z¢,) k= kg. If we consider the rescaled field and couplings ac-
+3U"(p)——=—|—N;—h*—— cording to Eq.(41), we expect the value of, to be inde-
W m Wy pendent ofz for small values of the flow parameter. In Fig.
. _ - 2 we display the dependence of the rescaled minimum of the
AdPe A 3 1 N(wo) N N(w,0) potential ont=In\ at the critical temperature for various
A a2 U’(O)—Zm%A wo @40 initial values of the Yukawa couplingunless stated other-

(62) wise, we always choosegir-g)=0.1 and vary x
=F(2T:O)/g(T:0)). A scaling solution is reached fdr< —7
and and one nicely observes the independence of the final value
L Ko. Of X. It is remarkable that the fermion contribution is
N(wg) N(wyo) sizable down td<0, i.e. A<T.
> + > (63) In order to discuss the importance of contributions ne-
0 ¥:0 glected according to Eq61) we display in Fig. 3 the value
of the thermal fermion masm%A divided by A (all dimen-
sionful quantities are given in units Q}fp(T:O)). This is the
relevant quantity in applications of E¢61) in the frame-
work of the TRG with a sharp cutoff, since the three-

with w’=A%+2m? \ +m’eg, w5=A2+2m7 , . Since the
fermions decouple from the universal critical behavior both
in the simplified version of the flow equation$2) and(63)]

as well as in the full HTL-improved versiori57)—(60), all

0.25 T T 1.0
0.2 . 0.8 |
0.15 1 06 | }
0.1 . 04 | |
0.05 . 02 |
%o 5 o s 0.0 :
- - "-10 -5 0 5
t=In(A/T) t =In(A/T)
FIG. 2. The dimensionless minimury as a function ot at the FIG. 3. The value of the thermal maB'[,er divided by A as a

critical temperature for various values <xf=ﬁ(2T:0)/g(T:0) (x function of t at the critical temperature for various valuesxofx
=0.01,0.2,0.4,0.6,0.8,1,1.2,1.4 from lowest to uppermost ¢gurve =0.01,0.2,0.4,0.6,0.8,1,1.2,1.4 from leftmost to rightmost curve

125005-11



BERGERHOFF, MANUS, AND REINGRUBER PHYSICAL REVIEW B1 125005

mas0(T) Before turning to the phase transition itself, consider fi-
oo1T; nally the value ofnTA asA—0. This is displayed in Fig. 4,

where we have plot'temT Ao/ T? at the critical temperature
as a function of again. For comparison the one-loop result
(53) is displayed as dashed line. The renormalization of the
Yukawa coupling through thermal fluctuations yields a small
but non-negligible deviation of this quantity from its lowest-
0.010 1 1 order value. We point out that here the HTL contributfan

the fermionic sector approximated by E@1)] is consis-
tently resummed.

0.005 - | V. THE UNIVERSAL CRITICAL BEHAVIOR

P AT THE CHIRAL PHASE TRANSITION

In this section we finally discuss the results for the chiral
phase transition as obtained from the quark-meson model
a after including the leading thermal effects in the fermionic
0.000 : . . . . . sector as discussed above. We have pointed out that the de-
0.0 0.2 0.4 0.6 0.8 1.0 1.2 . . . . .
rivative expansion fails for the fermion propagator and that
fermion decoupling at a second order phase transition is only
FIG. 4. The thermal massn%ho in units of T2 at the critical ~ guaranteed by the nonlocal fermion mass term produced by
temperature as a function »f(solid ling). For comparison the lead- the thermal fluctuations. After taking this effect into account,
ing order result from Eq(53) is also given(dashed ling we expect the phase transition to be in the universality class
of the O(4) model. Critical exponents and amplitude ratios
momenta inside the loop contributing to the flow of anyshould be independent of the number of colors or the
quantity areP=A due to thes function in the kerne[Eq. ~ Yukawa coupling. Before we turn to the scalar sector and the
(31) and correspondingly for the fermionic degrees of free-universal quanti.ti_es, let us briefly discuss two nonuniversal
dom]|. We plot in Fig. 3m-2r‘A/A again as a function affor ~ a@spects: the critical temperature and the behavior of the
the same values af(r—o) andx as used in Fig. 2. We note Yukawa coupling.

loop calculation for finiteA yields we go to first order in the derivative expansion in the scalar

sector by taking into account a scalar wave-function renor-

malization. This quantity was already includedlin , E
(28). WhereaszZ, is in principle a function of the order-
m2 f dxh2 1 n 1 parameter field, we evaluate it at the minimum of the effec-
AT eXT—1 e¥Ty1q tive potential. Itst dependence is given by

h?_ h?

2. AIT 9z,
12T + T[Td|log(e ) 7=_7le (65)

+T diIog(eA’T+ 1+AlneMT+1)]
with the anomalous dimension. Having introducedZ,, we

h? AT consider instead of the dimensionless quantities from Eg.
= ﬁTe (A+T) (A/Tlarge (64 (42) renormalized dimensionless couplings according to

— 2_ 512 (n)_—>—n (n)
andm? ,/A is smaller than 0.2 for the values xtonsidered Ke=Zak, T=Z0NT UE=Z, U (66)

here for allt=—2.5. On the other hand, as is obvious from

Fig. 2), the main contribution from the fermionic degrees of ~We evaluate the anomalous dimension by considering the
freedom is at larger values af Thus we believe that the flow equation for ther-two-point function and expanding it
simplification of the fermionic dispersion relation made herearoundg?=0. Since the heat bath introduces an additional
introduces only very small errors for the nonuniversalfour-vectoru,, there are in principle two different wave-
results—as was pointed out above, universal quantities af@nction renormallzatlons for[choosing as usuallyu,,

completely unaffected. =(1,0,0,0) g andq,. We do not make this distinction and

consider only the effect o, connected taj?, since this is
the quantity which through Ed65) yields the critical expo-
'Also note that neglected contributions in E1) are formally of  nent# (see below For the anomalous dimension we find the
higher order inh? through Eq.(64). following expression:
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(212 )
_)\Kr(ur ) = = N h 6 4_3 2_9 2 2+10 2y~ \
n= 1272 Flwy 0,) (ww,wg))|K,=Krvo C—12772w7 [6w,—3wy,—uwy, 3l (—n(\w,)

4
+Ao N\ oy)[N\o,) - 1)+ o)+ 305ui—4ufIN0in(No,)[N(Aoy) - 1][2n(\ o) - 1]

+§M$x3wjﬁ(m¢)[ﬁ(m¢)— 1][6n(Aw,)?—6n(Aw,)+1] (67)

with

Flog,0.)=

5 3{n()\wg)(Ga)ZT— 8w>—6w2w)+n(\w,)(3w>—3w>w’:— 100> w?>
w(rw K

5
T

2_

o

(w
+ 12030+ 150,02 — 9w,08) —An(\w ) [N(\w,)+1] (3w 0w - 303w, + 1003 w®

- 6w§wi+ 3‘”0“’37_ 7wawi) +22n(\w,)[nAw,)+1][2n(\w,)+ 1](w3wi— 2w§wi+ wowi)} (68)
whereuf=m? \/A?, ui=h%k 2\, 05,=1+2u%+u’ andw, as well asw,, are defined in Eq(45) [where the renormal-
ized quantities according to E¢6) should be useld In the limit whereA is small compared to all other scales in the theory
(this is the limit relevant for the fixed-point behavidhis rather complicated expression reduces to

Kr(U$2))2 4wi— 3wiw§7— 3w(27wi+ 4wi

+O(N) (69)

Kr=Kr0

n

2 6 6
67 W W,

and we again note the decoupling of the fermionic degrees of freedom in this limit.
The flow equations for the renormalized couplings introduced in(&8).receive additional contributions proportional the
anomalous dimension. We thus have for example

h3
Th+ T
2 ax2uM(0)

n()\wr,o)

Wy o

0th:

+ﬁ(1)}

auD (k) =(—2+ nu+ (14 ) k,u®

nAw,) NAw,)| N n\w,)
—— (3u§2)+2;<ru§3))(—+3u§2)(— ——;hZu (70)
4ar o W o w:,//
and for the renormalized dimensionless minimum
s P u®\ n(\w,) +°n(>\w7,) Ne h?2 n(Aw,) o
&tKr,O_ ( 77)Kr,0 4772 Kru'(‘z) w, ~ W, B 7T2 U,(,Z) w.// ) ( )
Kr=Kr0 Kr=Kr0
|
Since the value of the anomalous dimension at the critical ah?=yh? (T=T,,A—0). (72)
temperature will turn out to be very small, the modifications
of the results displayed in Figs. 3 and 4 are tiny. Since 7 is very small,h? only vanishes very slowly i
The value of the unrenormalized Yukawa couplimgat xNT). . )
T. asA—0 is displayed as a function of in Fig. 5. Also Let us now turn to the critical temperature. In leading
plotted is the T=0) Yukawa coupling and we note that it is order perturbation theory, one obtaifg as a function ofx
only slightly modified through thermal fluctuatioffer small :H(ZT:O)/g(TZO) as
values of the initial couplings Here the introduction of a
renormalized Yukawa coupling however has important con- Tper_ [4po(T=0) 73
sequences: The value gfis positive at the critical tempera- c 1+x

ture. This leads to a vanishing renormalized Yukawa cou-
pling at T, since in the infrared the flow equation fof  This dependence o is basically reproduced by our re-
reduces to summed calculation. We display the critical temperature in
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haso(Te) or,
02—

-0.02

-0.04

0.0 1 1 1 1 1 1 * *
0.0 0.2 0.4 06 0.8 1.0 1.2 0 0.5 1

T
x

= ) FIG. 7. The relative deviation of the critical temperature from
FIG. 5. The Yukawa (EupllnghAﬂo(Tc) as a function ofx the perturbative resultﬁTC:2[(TC—T§er5/(TC+T§er5] as a func-

(solid ling). For comparisorhr—o) is also given(dashed ling tion of X (g(r—y=0.1).

umt; of po(T=0) as afunction ok Fig. 6. Note th.at.m discuss the main differences of our results with the ones that
the limit x— 0 the result does not approach E@3). This is may be found in the literature.

of course due to the fact that this limit corresponds to a pure The universal critical behavior is encoded in the scaling

scalar theory where there are still modificationsTB"[24].  torm of the equation of state, which relates the order param-
Indeed, the relative difference of our result with lowest orderg;e, p, the temperatureT and the external fieldH

pert_urt_)anon theory as displayed in Fig. 7 is small but non-_ V2pU’(p) and may for example be written £31]
vanishing forx—0.

To end the discussion, let us report the results for the
universal behavior. As the universal quantities of @EN) U T-T.
models are well studied for various valueshoffor a review = V2p)° H(x), x= 7 ( J2p) VB (74
see[31]) and the casebl=1 andN=4 have been studied p
with the methods used here[in1,23,24 we will only briefly

T with the Widom scaling functiori(x) and critical exponents
¢ 6 and 8. The Widom scaling function for th®(4) model
was calculated in the framework of the thermal renormaliza-
tion group in[24], where however the anomalous dimension
was neglected. It has also been computed from the exact
renormalization group in the Matsubara formalid29],
from three-dimensional lattice simulation82], and from
mean-field theory as well as in second ordeexpansion
[33]. The TRG results have been compared to those of the
exact renormalization group [24] and good agreement was
found apart from the behavior for largeand T>T.. The
disagreement in that region was due to differences in the
value of the critical exponeng, which governs the behavior
of f(x) asx— . In [24] it was argued that these differences
should mostly be due to the neglected effects of the anoma-
lous dimension. We are now in a position to check this claim
through a calculation of critical exponents taking into ac-
count » according to Eq(67).
We have calculated the exponetsand 6 as introduced
in Eq. (74), » as given in Eq(67), as well asy andv. The
exponentsy and v encode the behavior of the unrenormal-
FIG. 6. The critical temperature in units afpo(T=0) as a ized and the renormalized mass of the order parameter field
function of x=h%_,)/gr-0y (We useg(r_g=0.1 here. asT— T, according to
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TABLE I. Critical exponents for théd(4) model. potential and the anomalous dimension, adapted t@fi{ie
scalar theory reproduce the expression given there in the
B Y v 6 Ui scaling limit. The truncations made [B87] are then identical
This work 0429 168 085 490 0017 © the ones made here and we would reproduce their values

for the exponents. In that case, the exponents from the Wil-

TRG + LODE[24] 0433 1.73 0.8 5.0 sonian RG are in very good agreement with the results from

ERG[29] 0.407 1548 0.787 480 0.0344 . -

3d PT[35] 0.38 144 073 482 003 other methods. Th|s_sh<_)ws that in _t@eél) model, the next-
to-leading order derivative expansion as used here gives ac-

3d MC [36] 0384 148 0748 485 0025 . ate results as one would expect given the smallness of the

anomalous dimensichThe fact that the agreement in the

m(T) (T—T.\" present case is not as good might be due to the existence of
r o(( C) a contribution in the present order of the derivative expan-
Te Te sion which exists forN>1 and has been neglected here,

(79 namely a term of the foriZ, ¢,@.0%@Le, (See alsd24]).
This question remains to be settled in future work.

m(T) (T—TC "2
oC
Te Te

whereas»n describes the behavior of the two-point function
of the order-parameter field at the critical temperature. Our
results for these exponents are given in Table |, where we |n the present work we have extended the formulation of
also give the results obtained from other methods foithe thermal renormalization groy@l] to theories involving
comparisort. fermionic degrees of freedom. Whereas the adaption of the
A useful consistency check is provided by the scalingfull flow equation(Sec. 1) is very much straightforward and
relations which connect the critical exponents and leave onlyioes not involve any conceptually new points, it turns out

VI. SUMMARY AND CONCLUSIONS

two of them independent. Thus for example one [[&3) that in performing approximations to the full functional dif-
ferential equation one has to be considerably more careful
_ d+2—9 for fermionic than for bosonic fields. After describing in Sec.
d—2+79 Il the specific model for theN;=2 chiral phase transition
that we studied, we have discussed at length questions con-
y=v(2—17) cerning the decoupling of the fermionic fields at the phase
(76)  transition in Sec. IV.
y=pB(6-1) The model under consideration consists of an

O(4)-symmetric scalar field coupled via Yukawa couplings
to 2N, chiral fermions. At low temperatures tl@(4) sym-
metry is spontaneously broken down to@(3), where cor-
respondingly 3 massless scalar fie{tigions” ) appear. The
These scaling relations are fulfilled by our results to betteinassive scalar field is the would-be “sigma,” the fermionic
than 0.5%. fields acquire masses and the chiral symmetry thus is spon-
The results fronj35] are obtained from a fixed-dimension taneously broken. This model is expected to be in the uni-
calculation in the three-dimension@l(4) model to seven versality class of the three-dimensional 4-vector model with
loops whereas the results given in the last line are fromx second order phase transition with well known universal
three-dimensional Monte Carlo simulations of t¥4)  behavior. The fermionic fields should not play a role for the
model[36]. We note that the results obtained in the preseninfrared behavior at the phase transition and the effective
work, derived using the next-to-leading contributions in thepotential should display scaling behavior for small field val-
derivative expansion in the scalar sector, are somewhajes,
closer to the values found in lattice and three-dimensional \We have then pointed out that the usual arguments about
perturbation theory calculations than the results given irfermion decoupling at high temperatures do not apply in the
[24]. However, the improvement for the exponegtsy and  TRG approach in the presence of second or weakly first or-
v is perhaps surprisingly small for the present model. der phase transitions. The fact that the scalar distribution
At this point it is interesting to compare the situation with function dominates the fermionic one for small enerdias
the results from a study of the pure scafafl) model. In  large temperaturg¢sioes not directly imply a dominance of
[37] a sharp-cutoff Wilsonian RG was used to obtain critical
exponents of the three-dimensior@2(1) model. We have
explicitly verified that our flow equation for the effective

(d=2+7).

N <

B=

3This is trivial for the flow equation for the potential. The anoma-
lous dimension has to be replaced by the one defined from the
sigma since there are of course no pions in@{é&) case. We have

2For results from the ERG see al§d4] where results that are calculated the corresponding expression also in the present model.
essentially identical to those given j29] were obtained from a “As a caveat, one should however notice that the scaling relations
polynomial approximation to the effective potential. (76) are violated by up to-6% for the values given if37].
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the scalar contributions to the renormalized couplif@she  tions manageable on the one hand and not lose the important
effective potentigl The reason for this is the fact that it is effects on the other hand. Here we follow a proposal put
not the distribution functions alone that enter the calculaforward in[30] to rewrite the fermion propagator such that
tions, but the product of couplings times distribution func-the thermal mass term is effectively local, but chiral symme-
tions. In the presence of a scaling solution for the effectivetry remains unbroken by it. We argue that this approximation
potential, the couplings are also scale dependent in suchia quantitatively reliable for smallT{=0) couplings.
way that the product of scalar self couplings times scalar After having clarified how fermion decoupling works
distribution functions has the same infrared behavior as theithin the TRG we have finally discussed the results of a
fermionic contribution, since in the latter the couplings dostudy of the chiral phase transition in the framework of the
not exhibit scaling behavior. guark-meson model in Sec. V. Indeed, the phase transition is
This is in contrast to the high-temperature limit, wheresecond order with universal critical behavior as obtained
neither the scalar nor the Yukawa couplings scale. In thigrom the pure scala®(4) model in three dimensions. We
case it is indeed the relative behavior of the distributionfind that for small enoughT=0) couplings the critical tem-
functions that matters and fermion decoupling in the limitperature is rather well described by perturbation theory. This
T—o works by the usual arguments. observation was already made [ib3,24,38 for pure scalar
One of the main points of the present work was then mad®(N) models. We improved upon previous results from the
in Sec. IV where we have discussed the question how unifRG on the critical exponents by including a scalar wave-
versality in the presence of chiral fermions is neverthelessunction renormalization, i.e. going beyond leading order in
obtained and how this effect can be successfully implethe derivative expansion in the scalar sector. The critical ex-
mented within the thermal renormalization group approachponents are displayed in Table I. We have also discussed the
The key observation is that even in chirally symmetric theo-quality of our approximations as far as the critical exponents
ries thermal fluctuations modify the fermionic dispersion re-are concerned. It turns out that the inclusion of the anoma-
lations such that the corrected dispersion relation resembldsus dimension has a rather small effect on the exponénts
that of a massive particle for small momef2d]. Thisisthe  y andv.
leading effect of finite temperature in the fermionic sector of In the present paper we have been concerned only with
the theory and is in this sense on equal footing with thequantities which may also be obtained from Wilsonian renor-
scalar mass correctionT? which drives the phase transition. malization group calculations in the Matsubara formalism. In
Due to the chiral nature of the fermions, the thermal mass iprinciple, the formalism set up here is directly applicable to
the fermionic sector is however necessarily an effective masguantities like damping rates, ef@5]. After we have clari-
resulting from a complicated momentum dependence of théied the necessary ingredients in the fermionic sector, we are
two-point function. We have pointed out that this effect isnow in a position to study out-of-equilibrium properties of
not included if one applies a derivative expansion to thethe present model in linear response theory.
fermion two-point function as is generally done in the appli-
cation of Wilsonian renormalization group equations. While ACKNOWLEDGMENTS
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