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Thermal renormalization group for fermions, universality, and the chiral phase transition
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We formulate the thermal renormalization group, an implementation of the Wilsonian RG in the real-time
~CTP! formulation of finite temperature field theory, for fermionic fields. Using a model with scalar and
fermionic degrees of freedom which should describe the two-flavor chiral phase transition, we discuss the
mechanism behind fermion decoupling and universality at second order transitions. It turns out that an effective
mass-like term in the fermion propagator which is due to thermal fluctuations and does not break chiral
symmetry is necessary for fermion decoupling to work. This situation is in contrast with the high-temperature
limit, where the dominance of scalar over fermionic degrees of freedom is due to the different behavior of the
distribution functions. The mass-like contribution is the leading thermal effect in the fermionic sector and is
missed if a derivative expansion of the fermionic propagator is performed. We also discuss results on the phase
transition of the model considered where we find good agreement with results from other methods.

PACS number~s!: 11.10.Wx, 11.30.Rd, 64.60.Ak, 64.60.Fr
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I. INTRODUCTION

Finite temperature field theory has become a mature
of theoretical particle physics over the past 25 years. Si
the seminal work of Kirzhnits and Linde@1# on symmetry
restoration at high temperatures there has been a strong
oretical interest in methods and results in the field. In rec
years, the experimental quest for the high temperature s
of strongly interacting matter, the quark-gluon plasma,
attracted additional interest. Nevertheless, there has a l
number of open problems both on a phenomenologica
well as on a fundamental level. These range from the eq
tion of state of nuclear matter at high temperature and d
sity ~of interest e.g. in astrophysics! to questions about the
approach of a quantum system to thermal equilibrium.

The most general approach to quantum field theory i
nontrivial ‘‘environment’’ ~as specified by a density matri
at some initial timet i) was proposed by Schwinger@2# and
Keldysh@3# and is known under the name of the closed tim
path ~CTP! formulation of quantum field theory. This ap
proach allows for the calculation of operator expectation v
ues in quite general systems, including systems in ther
and chemical equilibrium. The special case of equilibriu
physics has, because of its relative simplicity, attracted m
of the attention in the field. It has also led to two~in principle
equivalent! formulations, known as the Matsubara or imag
nary time and the real-time formulation of thermal fie
theory ~see e.g.@4,5#!. As the names suggest, in the~more
widely used! Matsubara approach one formulates the the
in Euclidean space~with a finite time interval!, the price to
pay for this being the necessity of analytically continuing
time arguments of Green functions at the end of the calc
tions. The real-time formulation, on the other hand, works
Minkowski space throughout and thus the need to do ana
cal continuations never arises.
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As long as one is mainly interested in static quantit
such as the free energy, etc., there is of course no nee
consider time dependence. Since both formulations sho
yield the same answers for all quantities one will usua
pick the technically simpler one—which most of the tim
will be the Matsubara approach. However, even in a cal
lation within a thermal system, time-dependent correlat
functions carry important physical information to be inte
preted within linear response theory@5#. Thus for example
the decay of out-of-equilibrium fluctuations of a given sy
tem is governed by the ‘‘damping rate,’’ being connected
the imaginary part of the self energy of the correspond
fields. This quantity plays an important roˆle in systems ap-
proaching the critical temperature of a second order ph
transition. In particular it encodes the phenomenon of criti
slowing down @6#—the fact that the equilibration time di
verges asT→Tc—and governs the initial density of possib
topological defects@7#. It also provides a link between fun
damental physics and a commonly used phenomenolog
approach to out-of-equilibrium systems using Langev
equations@8–10# with potentially large qualitative impact on
the behavior of such systems@11#. The fact that realistic
systems will be prepared at some temperature and
cooled~or heated! ‘‘through’’ a phase transition during som
finite time thus provides a strong motivation to study therm
field theory using the real-time formulation.

As for quantum field theory at vanishing temperatu
there are in general no exact analytical methods to do ca
lations in finite temperature field theory. On the other ha
the methods we use in standard field theory may be mor
less trivially adapted to systems in or close to thermal eq
librium. One may in particular tackle a number of nontrivi
problems using standard perturbation theory, i.e. the exp
sion in some small coupling. It is however widely know
that due to the emergence of an additional dimension
parameter—namely the temperatureT—the usual criteria for
the ~superficial! convergence of perturbation theory a
modified. It turns out that even theories which are wea
coupled atT50 may not be correctly described in perturb
tion theory close to a second or weakly first order pha
©2000 The American Physical Society05-1
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transition. The reason is that at a critical point the correlat
length of the order parameter field diverges and the theor
correlated over all scales. In such a situation the behavio
the perturbative series is drastically modified by infrar
phenomena. Thus for example perturbation theory predic
first order phase transition forO(N)-symmetric scalar theo
ries in 311 dimension, whereas we know this transition
be of second order@12,13#. Also the damping rate mentione
above in perturbation theory is found to diverge at the ph
transition, yielding ‘‘critical speeding up’’ instead of the ex
pected slowing down.

A method which is well known in statistical physics an
has become more widely spread in the particle theory c
munity in recent years is the ‘‘Wilsonian renormalizatio
group’’ invented specifically to deal with situations involv
ing divergent correlation lengths@14#. The first application of
this formalism to field theory is due to Polchinksi~ @15#, see
also @16#!. The standard way of adapting the method fo
relativistic field theory works in Euclidean space-time, a
there are a number of concrete realizations of this appro
These range from the ‘‘environmentally friendly’’ RG~ @17#
and references therein! via the ‘‘auxiliary mass method’’
@18,19# to the ‘‘exact renormalization group’’~ERG! of Wet-
terich @20#. These methods are straightforwardly adapted
finite temperature calculations in the Matsubara formalis
However, as pointed out above, there are a number of in
esting quantities that may not be obtained in a direct w
from calculations in the imaginary-time formalism and
thus is attractive to devise methods for calculations dire
in real time that are also able to deal with critical theori
One such method is the ‘‘thermal renormalization grou
~TRG!, proposed by D’Attanasio and Pietroni@21# for scalar
theories and later also generalized to gauge theories@22#. It
was shown in@23# and@24# that this method provides a goo
tool to study the phase transition of~at vanishing temperatur
weakly coupled! scalar theories. Also a first calculation o
the behavior of the damping rate of a scalarw4 theory close
to its critical temperature was performed in@25# and critical
slowing down was indeed observed.

In the present paper we will be concerned with the f
mulation of the TRG for theories with fermionic degrees
freedom. As an example we will study a simple model d
playing a spontaneously broken chiral symmetry which
restored at high temperatures. This model involves two
vors of chiral fermions and anO(4)-symmetric scalar secto
with at T50 spontaneously broken symmetry. A Yukaw
coupling of the fermions to the order-parameter field th
breaks the chiral symmetry in the presence of a nonvanis
vacuum expectation value~VEV!. This modification of the
sigma model was investigated in@26# and is believed to de
scribe theNf52 chiral phase transition of QCD in the lim
where the axialU(1) symmetry is completely broken. Base
on universality arguments the theory should undergo a ph
transition of second order with critical exponents of
O(4)-symmetric scalar model. After the formulation of th
TRG we concentrate on the universal critical behavior
turns out that the standard tool in the application of Wils
nian renormalization group equations, the derivative exp
sion, does not work in the fermionic sector, and we disc
12500
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the implications of this observation for calculations in mo
els with chiral symmetry. A necessary ingredient for fermi
decoupling in the framework of the TRG is an effective ma
term which does not break chiral symmetry and is obtain
from considering ‘‘hard thermal loop’’ contributions@27#.
These result in a complicated dispersion relation for ferm
onic fields and we discuss how the propagators may be s
plified without loosing the important effects.

The paper is organized as follows: In the next section
present the formulation of the thermal renormalization gro
equation for theories involving fermionic degrees of fre
dom. It will be a straightforward extension of the TRG fo
scalar theories and for details of the practical applicat
including necessary approximations we refer the reade
@21,24#. In Sec. III we introduce the model we will use
Section IV contains the discussion of the fermionic disp
sion relations and constitutes an important part of the pre
work. In Sec. V we then report on the results we find for t
universal aspects of the critical behavior of the model un
consideration. These compare well with results from ot
approaches and prove our method to constitute a good s
ing point for the nonperturbative exploration of dynamic
aspects of the phase transition. Section VI gives a summ
and conclusions.

II. THE THERMAL RENORMALIZATION GROUP
FOR FERMIONS

In this section we discuss the formulation of the therm
renormalization group~TRG! for fermionic degrees of free
dom. The TRG equation is a Wilsonian renormalizati
group equation in Minkowski space for the dependence o
effective action on an external cutoff scaleL, where this
cutoff is imposed only on the thermal fluctuations@21#. This
is possible since in the real-time formulation of thermal fie
theory the propagators contain two parts, one being ident
to the (T50) propagator and another one being multipli
by the appropriate thermal distribution. We will impose
cutoff on this second part. A somewhat more extensive d
cussion of the closed time-path approach to thermal fi
theory in connection with Wilsonian renormalization grou
methods may be found in@24#. We will here assume that th
reader is familiar with thermal field theory in real time, an
only discuss the implementation of the cutoff and the cor
sponding RG equations.

As stated above, the suppression of soft contributions
the path integral is implemented by modifying the two-po
functions. In the operator approach, the propagators are
tained as the expectation values of time-path-ordered p
ucts of two field operators at different space-time poin
Introducing for fermionic fields the Fourier decomposition

ĉ~x!5(
6s

E d3k

~2p!32vk

@b~k,s!u~k,s!e(2 ikx)

1d†~k,s!v~k,s!e( ikx)#
5-2
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ĉ†~x!5(
6s

E d3k

~2p!32vk

@b†~k,s!u†~k,s!e( ikx)

1d~k,s!v†~k,s!e(2 ikx)# ~1!

the propagator depends on the expectation values of prod
of b, b†, d, andd†. In thermal equilibrium at a given tem
peratureT5b21 one has

^b1~k,s!b~k8,s8!&b5~2p!32vkÑ~vk!dss8d~kW2kW8!

^d1~k,s!d~k8,s8!&b5~2p!32vkÑ~vk!dss8d~kW2kW8!

~2!

^b~k,s!b1~k8,s8!&b5~2p!32vk„12Ñ~vk!…dss8d~kW2kW8!

^d~k,s!d1~k8,s8!&b5~2p!32vk„12Ñ~vk!…dss8d~kW2kW8!

whereÑ(v) is the Fermi-Dirac distribution,

Ñ~v!5
1

ev/T11
. ~3!

The above expectation values differ from their bosonic co
terparts only by the appearance ofÑ(v) instead of the Bose
distribution N(v) and by the minus-sign in the last tw
equations, this being due to the anticommuting nature of
fermion fields. The introduction of the cutoff scaleL now
proceeds in the same way as in the case of scalar fields@21#,
namely by replacing

Ñ~vk!→Ñ~vk ;L! ~4!

with

Ñ~vk ;L!→H Ñ~vk! for ukW u@L,

0 for ukW u!L.
~5!

This implies that the ‘‘hard’’ modes are in equilibrium a
temperatureT whereas ‘‘soft’’ thermal fluctuations are sup
pressed. We will write

Ñ~vk ;L!5Q~ ukW u,L!Ñ~vk! ~6!

and in practical applications always use a sharp cutoff w
Q(ukW u,L)5u(ukW u2L). The cutoff thermal propagator the
reads (a andb are spinor indices,Tc denotes time ordering
on the contourC)

iSc,L~x,x8!ab5^Tcca~x!c̄b~x8!&b
L

5uc~ t2t8!Sc,L
. ~x,x8!ab

1uc~ t82t !Sc,L
, ~x,x8!ab ~7!

with
12500
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Sc,L
. ~x,x8!ab5^ca~x!c̄b~x8!&b

L ,
~8!

Sc,L
, ~x,x8!ab52^c̄b~x8!ca~x8!&b

L .

Inserting Eqs.~1! and Eq.~2! with the modification Eq.~4!
thus gives

iSc,L~x2x8!ab5E d4k

~2p!42pd~k22m0
2!

3~k”1m0!abe2 ik(x2x8)

3@uc~ t2t8!u~k0!1uc~ t82t !u~2k0!

2Ñ~ uk0u!Q~ ukW u,L!#. ~9!

Now we may adopt the matrix notation which has beco
common in real-time thermal field theory~see@5#! and write
the fermion propagator as

SL~k!5S D0
f ~D0

f 2D0
f * !u~2k0!

~D0
f 2D0

f * !u~k0! 2D0
f * D

2~D0
f 2D0

f * !Ñ~ uk0u!u~ ukW u2L!S 1 1

1 1D ~10!

with

D0
f 5@k”2m01 i e#21, D0

f * 5@k”2m02 i e#21, ~11!

where we have already switched to au-function cutoff. To-
gether with an analogous expression for the modified sc
propagator@21# we then define the scale dependent partit
function ZL@J,h,h̄# as

ZL@J,h,h̄#5E dfdcdc̄ expH i S 1

2
f•DL

21
•f1c̄•SL

21
•c

1J•f1h̄•c1c̄•h1Sint@f,c,c̄# D J . ~12!

From the way the cutoff was introduced, it is obvious tha

ZL→`@J,h,h̄#5Z(T50)@J,h,h̄# ~13!

and that in the opposite limitL→0 the usual generating
functional for the theory at temperatureT is obtained. Fi-
nally, since all scale dependence ofZL is explicit and con-
tained in the terms bilinear in the fields, it is straightforwa
to obtain an expression for theL dependence ofZL .

As in the Euclidean formulation it is however more co
venient to work with a slightly modified version of the e
fective action, the generating functional for the one parti
irreducible~1PI! Green functions. This is obtained from th
Legendre transform of the logarithm ofZL according to

GL@w,c,c̄#52 i ln ZL2J•w2h̄•c2c̄•h

2
1

2
w•DL

21
•w2c̄•SL

21
•c. ~14!
5-3
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Here the fields are now the ‘‘classical’’ fields asw
5d(2 i ln ZL)/dJ etc. The sources on the right hand side a
to be regarded as functionals of the fields, given by the
version of the above expressions, and are thus scale de
dent. The RG equation governing the scale dependenc
GL is now easily obtained and one finds

L]LGL@F#5
i

2
STrH ~L]LD L

21!S d2GL

dF̄dF
1D L

21D 21J
~15!

which is a straightforward extension of the scalar TRG eq
tions @21#!. F denotes a superfield

F5~f,c,c̄ !, F̄5~f,2c̄,c! ~16!

and the supertrace takes into account the anticommuting
ture of the Grassmann fields. Note that we have suppre
all indices: The fields carry a spacetime index, a therm
index, possible internal indices and~for the fermions! Dirac
indices. All these are traced in Eq.~15!. Also by our conven-
tions the bare inverse propagator matrix reads

D L
21~k!5S DL

21~k!

SL
21~k!

„SL
21~k!…T

D ~17!

and we have

d2GL

dF̄dF
[GL

(2)5S d2GL

dfdf

d2GL

dfdc

d2GL

dfdc̄

2
d2GL

dc̄df
2

d2GL

dc̄dc
2

d2GL

dc̄dc̄

d2GL

dcdf

d2GL

dcdc

d2GL

dcdc̄

D .

~18!

The general properties of the TRG equation are extensi
discussed in@21,24# and we will here only make a few re
marks in order to make the present work self-contained.
us first note that no approximations have been made at
point. The TRG equation~15! is an exact relation on the
same level as for example the Schwinger-Dyson equati
However, it is of course impossible to give a general solut
to this functional differential equation—note that the mat
(GL

(2)1D L
21)21 is the full propagator. The equation is fo

mally a one-loop equation and we may introduce the der
tive ]̃L which is defined to be a derivative acting only on t
explicit scale dependence in the bare propagator. Using
derivative we have

L]LGL@F#5
i

2
STrL]̃L ln~GL

(2)1D L
21! ~19!

and the one-loop character is apparent. We may thus gi
simple recipe for calculations in the framework of the th
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mal renormalization group: To derive the flow equation o
specific coupling, write down the one-loop diagrams th
would contribute to this coupling, taking into account a
vertices allowed by the symmetries of the theory under c
sideration. The flow equation is then obtained by consider
only those parts of the diagram which involve thermal d
tribution functions~since theL dependence only comes wit
those in the TRG approach!, replacing the distribution func-
tions according to Eq.~4! and similarly for the Bose distri-
bution, taking the derivative with respect to the explicit sca
dependence and then performing the loop integral. It is
vious that this integral will be finite. The UV behavior of th
thermal parts of any Feynman diagram is never problem
since any UV divergences of the full theory at finite tempe
ture reside in the (T50) parts of the diagrams. The behavi
in the infrared, which might be problematic in perturbatio
theory, is regulated by the introduction of the external sc
@see Eq.~5!#. The formal exactness of this approach is due
the use of full propagators and vertices.

In order to simplify the calculations somewhat we m
make use of an observation made in@28#, namely the fact
that one may get rid of the fields on the lower part of t
CTP contour~the ‘‘thermal ghost fields’’! if one is interested
in physical observables. To this end one may introduc

functional Ḡ which depends on one~super!field F ~without
thermal indices! and is defined through

Ḡ@F#5G†F1 ,F2@F1#‡uF15F . ~20!

HereF2 is the solution to its equation of motion for arbitrar
F1, i.e. we have

dG@F1 ,F2#

dF2
U

F25F2[F1]

50. ~21!

For space-time independent fields one hasF2@F1#5F1 and
Eq. ~20! is up to a constant equivalent to

dḠ@F#

dF
5

dG@F1 ,F2#

dF1
U

F15F25F5const

. ~22!

This is the definition that we will use below. The TRG equ

tion for ḠL
(1) @which is obtained from Eq.~22! after replacing

G with GL# is readily found from Eqs.~15! and ~22!. Some
care is required in the presence of fermionic fields, sin
derivatives with respect to fermionic fields do not commu
with a supermatrix like the full propagator. We have f
example

d

dw
GL

(2)5
dGL

(2)

dw
1GL

(2) d

dw
~23!

d

dc
GL

(2)5
dGL

(2)

dc
1MGL

(2)M
d

dc

wherew (c) is a bosonic~fermionic! field andM5diag(1,
21,21) ~in the present case!. The supertrace is cyclic fo
5-4
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supermatrices. Note also that the fermionic derivative o
supermatrix~e.g.dGL

(2)/dc) is not a supermatrix.
In the following section we will first introduce the mode

that we will be interested in and then turn to a discussion
the approximations we have to make in order to convert
functional differential equation Eq.~15! into a solvable sys-
tem of ~partial! differential equations.

III. THE CHIRAL QUARK-MESON MODEL

We will be interested in a simple model involving on
scalar and fermionic fields with scalar self-coupling as w
as Yukawa couplings. It is well accepted that the chiral ph
transition of QCD in the limit of two massless flavors and
explicitly broken axialU(1) should be of second order, wit
O(4)-model universal behavior. This could in principle b
modeled by a simpleO(4)-symmetric scalar theory with~at
T50) spontaneously broken symmetry. Recently, Ju
nickel and Wetterich have pointed out that a modification
the sigma model might actually be quantitatively connec
to QCD by a combination of analytical and numerical calc
lations @26#. This model, the so-called ‘‘chiral quark-meso
model,’’ includes@in the limit of strongly brokenU(1)A# the
usual sigma-model fields, which are however coupled toNc
dublets of fermionic fields via a Yukawa coupling. As w
pointed out above, perturbation theory is not applicable e
for small (T50) couplings at this phase transition. On t
other hand, the Wilsonian RG was introduced to deal w
such situations. The chiral quark-meson model is thus, a
from being interesting phenomenologically, an ideal test
ground for our method.

We shall not discuss in detail here how the model may
connected to QCD and refer the reader to@26# for details. We
will actually in the present work not even try to make qua
titative contact with this effective description by choosi
the values of the (T50) couplings accordingly—this could
in principle be done and we briefly comment on this belo
For the main part of this paper we shall discuss the unive
physics obtained for this model in different approximation
These are independent of the initial values of the coupli
and thus also apply to theNf52 chiral phase transition
Nonuniversal quantities will only be considered for sm
(T50) couplings in the present work.

The initial condition that we will use for the effectiv

action ḠL as L→`, i.e. the effective action of the (T50)
theory is @remember that the free two-point functions a
subtracted inGL , cf. Eq. ~14!#

ḠL→`5E d4xF2
g(T50)

2
r2

2h̄(T50)c̄S w1w†

2
1g5

w2w†

2 DcG . ~24!

It involves a fermion flavor doublet as well as a scalar m
tiplet containing four real degrees of freedom,

c5~c1,c2!, w5
1

2
~s1 ipW tW !. ~25!
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Furthermore we use theO(4) symmetry to write

r5Tr~w†w!5
1

2
~s21pW 2!. ~26!

The fermions come with an additional color index and clos
fermion loops correspondingly yield a factor ofNc .

The effective action given in Eq.~24! is of course only a
crude approximation to a full effective action of a (T50)
theory—one could e.g. include perturbative contributio
We will nevertheless use this simple form and report nonu
versal results only for small values of the initial couplin
g(T50) and h̄(T50) , such that the higher order contribution
should be small. The reason for doing so is that the unive
behavior is unaffected by these approximations and tha
the other hand the nonuniversal quantities would be m
interesting using the (T50) parameters that correspond
the realistic case where observables calculated from
model Eq.~24! match those found in nature. A discussion
this matching and the resulting values for the (T50) cou-
plings as obtained from Euclidean versions of Wilsoni
renormalization group equations may be found in@26#. One
finds for example that the Yukawa coupling ish̄2;O(10)
and thus by no means small. If we were interested in n
universal features of the chiral phase transition as obtai
from the quark-meson model we would have to address
question of initial values carefully. Studies using the Matsu
ara formulation of thermal field theory in connection with th
average effective action yield reasonable predictions for
the critical temperature@29#.

Within our approximations the effective action~24! thus
constitutes the boundary value for the solution of the TR

equation ~15! @combined with the definition ofḠL , Eq.
~20!#. We now have to discuss the approximations we w
use in order to bring this equation into a solvable form. T
simplest approximation one may think of is to assume t
the effective action at finite temperature always has the s
form as given in Eq.~24! and that only the couplings—in
this case the scalar mass term, the quartic coupling and
Yukawa coupling—depend on the scaleL. One then obtains

the flow equations of those couplings by pluggingḠL from
Eq. ~24! into Eq. ~15! and matching coefficients on bot
sides. This simple approximation will give completely mi
leading results, for reasons to be discussed in the next
tion. In the absence of fermions~for h̄50) this approxima-
tion would give a second order phase transition, however
values for the universal critical exponents will differ strong
from known results. The situation can be considerably i
proved if one allows for a general form of the effective a
tion for a constant scalar fieldr(x)5r @23,24#. The effective
action for constant field is connected to the effective pot
tial through

ḠL@w5A2r,c5c̄50#5„m2r2U~r!…E d4x ~27!

for a constant configurationr with the bare massm. The
effective potential corresponds to the free energy for cons
5-5
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fields and it approaches a universal form at a second o
phase transition. For the results for this universal form
scalarO(N) models, using the approximation of a standa
kinetic term@as in Eq.~24!# and a general effective potentia
see@24#. The critical exponents one finds in this case are
much better agreement with the known values than in
case of a simple polynomial approximation forU @21#.

Neglecting corrections to the kinetic term may be mo
vated by arguing in the framework of an expansion of
effective action in powers of derivatives. In this expansio
the effective potential is obviously the lowest order ter
The leading term beyond this approximation then is obtai
from the scalar wave-function renormalization, i.e. using
approximation

ḠL@w,c,c̄#5E d4x@~ZL21!Tr~]mw†]mw!

1m2r2UL~r!#1Fermion2contributions.

~28!

Here the wave-function renormalizationZL , which could in
principle be a function of the field, is evaluated at the mi
mum of the effective potential. This will be the approxim
tion we use in the scalar sector of the model. It is wide
used also in Euclidean versions of the Wilsonian renorm
ization group, see e.g.@29#. In particular we will neglect all
imaginary contributions to the two-point functions. The
would only indirectly affect the scale dependence of the
fective potential through a contribution to the anomalous
mension. Since the anomalous dimension will turn out to
very small in all situations that we will be interested in, w
believe that dropping imaginary contributions results in n
ligible errors in quantities like the critical temperature a
the critical exponents~with the possible exception ofh, see
below!. On the other hand the imaginary parts are interes
objects by themselves and we plan to study them in fut
work.

Let us now turn to the sector involving fermionic field
Here the situation is more complicated. The reason for
complication is that in contrast to the bosonic sector, wh
the leading finite temperature effects show up in a local c
tribution to the mass}T in lowest order derivative expan
sion, there is no local massterm generated for the fermi
We will come back to this issue in Sec. IV and for now on
consider the interaction term. Here one obtains to low
order in the derivative expansion a general function of
fields @which should respect theSU(2)3SU(2)3U(1)
symmetry of Eq.~24!#. However, one expects the fermion
to decouple from the infrared physics and universal qua
ties should be independent of the approximations in the
mionic sector. The dependence of nonuniversal quantitie
the critical temperature should in principle be calculable
perturbation theory and we may, as long as we restrict o
selves to small values ofh̄(T50) and g(T50) , always argue
that any induced coupling involving fermions are of high
order in the (T50) couplings and thus negligible compare
to the Yukawa coupling. We will thus approximate the inte
action between fermions and bosons by the original form
12500
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given in Eq.~24! for all values ofL. In particular, we always
evaluate the Yukawa coupling atr50 and at vanishing en
ergies and momenta.

Let us then discuss as an example the flow equation
the r derivative of the effective potential. This is obtaine

from the flow equation for thew derivative ofḠL at constant
w and vanishingc̄ andc:

L]L„wU8~r!…5L]L

dḠL

dw
U

w5const,c̄5c50

5
i

2
STrFKL

d3GL

dwdF̄dF
GU

w5const,c̄5c50

.

~29!

Here we have introduced the kernel

KL52S d2GL

dF̄dF
1D L

21D 21

~L]LD L
21!S d2GL

dF̄dF
1D L

21D 21

5S KL
b

KL
f

~KL
f !T

D . ~30!

The scalar kernel may be rewritten as@21#

KL
b 52Ld~ ukW u2L!DL

b ~DL
b !*

D0
b2~D0

b!*

D0
b~D0

b!*
N~ uk0u!S 1 1

1 1D .

~31!

The fermion kernel is obtained from Eq.~31! by replacing
the bare and full bosonic propagatorD0

b andDL
b by the cor-

responding fermionic ones and substituting the Bose dis
bution N(v) by the minus Fermi-Dirac one. Note that w
have already inserted a sharp cutoff for Eq.~31!. Because of
the thermal matrix structure of the kernel and the fact t
@28#

d3ḠL

dFdF̄dF
5 (

i , j 51,2

d3

dF idF̄ jdF1

GLU
F25F15F

~32!

the trace over the thermal indices in Eq.~29! allows us to

rewrite the right hand side in terms ofḠL . Furthermore for
real self-energies we may write

DL
b ~DL

b !*
D0

b2~D0
b!*

D0
b~D0

b!*
52p irL

b ~q! ~33!

with the spectral densityrL and similarly for the fermions.
The spectral densities may be obtained from the ansatz

the effective actionḠ. In our case, using the approximation
discussed above for the scalar fields and for the mom
dropping any momentum-dependent contribution other t
the standard kinetic term for the fermions, we find
5-6
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2p irL
b ~q!5

1

ZLq22M21 i e
2

1

ZLq22M22 i e

2p irL
f ~q!5

q”1mxSB

q22mxSB
2 1 i e

2
q”1mxSB

q22mxSB
2 2 i e

~34!

wheremxSB
2 5h̄2r/2 andM2 are the eigenvalues of the ma

trix ]2U/]w]w. For e→0, the spectral densities yieldd
functions which allow us to perform theq0 integration im-
plicit in the trace in Eq.~29!. The angular integral is trivia
for constant fields. Finally from theL derivative of the cut-
off, we have anotherd function @cf. Eq. ~31!# which allows
us to perform the integration with respect to the modulus
the loop momentum. The result for the flow equation of t
effective potential is

L]LU8~r!52
L3

4p2 F „3U9~r!12rU (3)~r!…
N~v̄s!

AZLv̄s

Q~v̄s
2 !

13U9~r!
N~v̄p!

AZLv̄p

Q~v̄p
2 !G2Nc

L3

p2
h̄2

Ñ~v̄c!

v̄c

~35!

with

v̄s
25ZLL21U8~r!12rU9~r!

v̄p
2 5ZLL21U8~r! ~36!

v̄c
25L21

h̄2r

2
.

TheQ functions arise from the bosonic spectral density@21#
and will be understood in the following. The structure of E
~35! is again easy to understand from the one-loop chara
of the flow equation: the first contribution is from the rad
mode which is massive at the minimum ofU(r), the second
contribution is from the 3 Goldstone-bosons which are ma
less at the minimum, and the last contribution is from t
2Nc fermionic fields which are degenerate.

Similar flow equations may be obtained for the Yukaw
coupling and the scalar wave-function renormalization c
stant. Before we come to an investigation of the critical b
havior of the model using these flow equations in Sec. V,
will in the next section turn to the question of approxim
tions to the fermionic two-point function.

IV. FERMION DECOUPLING, UNIVERSALITY
AND HARD THERMAL LOOPS

In this section we will discuss how the fermions decou
from the critical behavior of the quark-meson model, lead
to a second order phase transition withO(4)-model critical
behavior. We will argue that the mechanism of fermion d
coupling at a second order phase transition is different fr
12500
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the mechanism behind fermion decoupling at high tempe
tures.

Let us start with discussing the high-temperature limit
our model. We will work for the moment with the simple
approximation to the full flow equation for the effective a
tion and only take into account the effective potential and
Yukawa coupling and setZL51. The flow equation for the
Yukawa coupling reads within these approximations

L]Lh̄5
L3

4p2
h̄3

1

U8~0!
FN~v̄0!

v̄0

1
Ñ~L!

L G ~37!

where

v̄0
25L21U8~0!. ~38!

Considering now the limit ofT large compared to all scale
in the theory we may use the asymptotic expressions

N~x! →
T@x

T

x
~39!

and

Ñ~x! →
T@x

1

2
~40!

to obtain the system of flow equations~35! and ~37! in the
high-temperature limit

L]LU8~r!uhigh-T52
TL3

4p2 F 3U9~r!12rU (3)~r!

L21U8~r!12rU9~r!

13
U9~r!

L21U8~r!
G1•••

~41!

L]Lh̄uhigh-T5
TL3

4p2
h̄3

1

U8~0!„L21U8~0!…
1••• .

The contribution of the fermions to the flow of the effectiv
potential thus vanishes in the high-temperature limit, due
the different behavior of the distribution functions~39! and
~40!. This is what is referred to as ‘‘fermion decoupling
and the TRG thus reproduces the fact that the dynamic
the soft modes in the high-temperature limit is independ
of the fermionic content of the theory.

Let us now turn to the question about fermion decoupl
at a second order phase transition. One is interested in
case in a~three-dimensional! scaling solution for the free
energy~i.e. the effective potential!. In order to investigate
this scaling solution it is useful to introduce rescaled va
ables according to@23#

k5
r

LT
, u~k!5

U~r!

L3T
, u(n)5Ln23Tn21U (n).

~42!
5-7
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At this point we do not rescale the Yukawa coupling, since
we assume the fermions to decouple there is no reason
this coupling should approach a scaling solution. Introduc
furthermore the dimensionless flow parameter

l5
L

T
~43!

we obtain for the flow ofu8(k) from Eq. ~35!

l]lu8~k!522u8~k!1ku9~k!

2
l

4p2 F ~3u912ku(3)!
n~lvs!

vs
13u9

n~lvp!

vp
G

2Nc

1

p2
h̄2

ñ~lvc!

vc
~44!

with the dimensionless quantities

vs
2511u8~k!12ku9~k!

vp
2 511u8~k! ~45!

vc
2511

h̄2k

2l

and n(x)5@exp(x)21#21, ñ(x)5@exp(x)11#21. The flow
equation for the Yukawa coupling is rewritten accordingly

l]lh̄5h̄3
1

4p2

1

u8~0!
Fn~lv0!

v0
1ñ~1!G ~46!

where v0511u8(0). We will see that the problems with
decoupling within the present approximation concern the
gion of smallk, thus to simplify the discussion and to mak
our point clear we expand the effective potential in powers
k. Introducing couplings according to

u~k!5(
n

un

n!
kn ~47!

we obtain flow equations for theun from Eq.~44!. Let us for
example consider the scale dependence ofu1, which is di-
rectly obtained from Eq.~44! by settingk50. It involves the
scalar mass termu1 itself as well as the scalar four-poin
couplingu2 ~rememberr5w2/2) and the Yukawa coupling
h̄. A scaling solution for the scalar couplingsun may arise
only in the three-dimensional limit, i.e. forl→0. In order to
identify the corresponding fixed-point values of the co
plings we thus expand the flow equations. In the case ou1
we have

l]lu1522u12
3

2p2

u2

11u1
2Nc

1

2p2
h̄21O~l! ~48!

and the fermionic contributions obviously do n
decouple—a possible fixed-point value would depend oh̄
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andNc , in contradiction with the assumption of universalit
It is not hard to see what spoils the high-temperature ar
mentation in the present case: It is the fact that we sho
really not compare the behavior of the distribution functio
alone, but rather the contribution of couplings times the d
tribution functions asl→0. Then it is clear that for a scaling
solution ~i.e. at a second order phase transition! while the
scalar distribution function diverges for smalll asl21, the
four scalar coupling multiplying it is renormalized to 0 wit
the same power ofl. The product remains finite forl→0.
In contrast, the fermion distribution function does not d
verge, but on the other hand the Yukawa coupling is
driven to 0 withl—the product also remains finite and
thus for alll of the same order as the scalar contribution

This is a particular feature of the critical point. ForT
ÞTc , away from the second order phase transition, the s
lar coupling is not renormalized to zero and indeed the pr
uct of coupling times distribution function for largeT/v
dominates the fermionic contribution as shown above.

Also notice that the presence of a fermion mass term~as
for kÞ0) changes the situation. While the behavior of co
pling times distribution function does not change (ñ still ap-
proaches a constant!, now the factorvc

21 in the fermion

contribution to l]lu8(k) behaves asA2l/h̄2k and sup-
presses the fermion contribution. This observation will he
us to see how universality is saved and fermion decoup
works, a question to which we turn now.

To this end, let us turn again to the truncation used
derive Eqs.~35! and~37!. We have pointed out that we hav
neglected all terms beyond the effective potential and
Yukawa coupling. In a purely scalar theory, it is known th
using only the effective potential one already obtains qu
reasonable results for the critical behavior~see e.g.@24#!.
This is due to the fact that for the critical theory one
effectively using an expansion in the~small! anomalous di-
mension. There is however one other important aspect of
thermal effects on scalar fields which is fully covered by t
approximation with only an effective potential—the gene
tion of a thermal mass. One may easily check that within
present approximation one reproduces the ‘‘hard ther
loop’’ ~HTL! result for the scalar mass term: Consider t
present model for simplicity withNc50. The flow equation
for the mass then reads from above

L]LU8~r!52
L3

4p2 F „3U9~r!12rU (3)~r!…
N~v̄s!

v̄s

13U9~r!
N~v̄p!

v̄p
G . ~49!

Adopting a perturbative point of view, neglectingU (3)(r)
and replacing in the spirit of the HTL approximationv̄s

5v̄p5L, we obtain

]LU8~r!526
L

4p2
U9~r!

1

eL/T21
. ~50!
5-8
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Remembering that the boundary condition for the flow is
(T50)-effective action and neglecting—again to leading
der in perturbation theory—the scale dependence ofU9(r)
we easily solve the flow equation~50! to find the
temperature-dependent mass term to be given by

U8~r,T!5U8~r,T50!1
U9~r!

4
T2 ~51!

reproducing the leading order perturbative result. The p
tive contribution}T2 of course is also the reason for th
restoration of the spontaneously broken symmetry. The
son why this leading order high-temperature result is rep
duced in the simple truncation with only the effective pote
tial is that it is obtained as a local contribution to th
effective action. Of course, this local contribution is ful
resummed if we solve the flow equation~35! without further
approximations.

In contrast to this simple behavior of the leading therm
contributions in the scalar case, for the fermionic fields th
is no local mass term generated by hard thermal loops.
however well known that the leading order corrections to
fermion propagator lead to modified dispersion relatio
which for small momenta resemble the ones of a mas
particle without breaking chiral invariance fork50 @5#. If
we neglect thermal contributions to the momentum dep
dence of the fermion two-point function, or in fact for an
truncation that assumes analyticity for the momentum dep
dence of the fermion two-point function, we will miss th
important finite temperature contribution. The effect is n
merically small in the presence of a large enough chiral sy
metry breaking mass, but in the situation discussed ab
with k50, this effective mass term takes care of the dec
pling of the fermionic fluctuations, as we will argue in th
following.

Let us first briefly review the structure of the leading co
tribution to the fermion self-energy for largeT in perturba-
tion theory@5#. The contributing diagram is given in Fig. 1
In the framework of the hard thermal loop approximati
one then neglects the external momentum squared,p2, as
well as the masses of the particles in the loop compare
the loop momentum squared. After these simplifications
integrations may be performed and one obtains for the t

point function of a massless fermion (P5ApW 2)

~D f !21~p!5„11a~p0 ,P!…p”1b~p0 ,P!u”

FIG. 1. The one-loop contribution to the fermion self-energy.
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a~p0 ,P!5
mT

2

P2 F12
p0

2P
lnS p01P

p02PD G ~52!

b~p0 ,P!5
mT

2

P F2
p0

P
1

1

2 S p0
2

P2
21D lnS p01P

p02PD G
wheremT

2 is a quantity with the dimension of (mass)2, given
by

mT
25

h̄2

16
T2. ~53!

The dispersion relation corresponding to Eq.~52! is given by
@we useu5(1,0,0,0) for the rest frame of the heat bath as
commonly done#

05D~v!5@11a~v,P!#2~v22P2!

12@11a~v,P!#b~v,P!v1b~v,P!2. ~54!

This equation has four solutions6v6 which can however
only be given analytically in limiting cases. A general fe
ture is that the solutionsv56v1 have the same~positive!
ratio of helicity over chirality and are thus connected to t
usual solution at vanishing temperature. The other solutio
v56v2 have a negative helicity over chirality ratio an
constitute a collective mode termed the ‘‘plasmino.’’ AsP
→0, both solutions approach each other and

v6~P! →
mT@P

mT6
P

3
. ~55!

In the opposite limit, forP@mT , one finds thatv2(P) ex-
ponentially approachesP with an also exponentially sup
pressed residue, whereasv1(P)→P1mT

2/P. The most im-
portant observation is however that the complica
momentum-dependence of the effective fermion propag
as given in Eq.~52! gives rise to a dispersion relation whic
resembles for small momentaP that of a massive particle
with a mass}T, while chiral symmetry is not broken by thi
behavior. It is also clear that the result given in Eq.~52! may
not be reproduced using a derivative expansion as is
tinely done in calculations using variants of the Wilsoni
renormalization group. Since on the other hand in the fram
work of the TRG it is exactly this behavior that guarante
fermion decoupling, we need to find a way to incorporate
above results in an approximation scheme for the flow eq
tions. We now turn to this question.

The canonical way to incorporate nontrivial momentu
dependence ofn-point functions in the renormalization
group approach would be to expand the effective action
powers of the fields rather than in powers of derivatives.
order to obtain a closed system of flow equations one t
has to truncate the infinite tower ofn-point functions by
hand, either by setting then-point functions withn larger
than somenmax to zero, or by using e.g. perturbative expre
5-9
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sions for those. We could in principle follow such an a
proach, using scalarn-point functions derived from an effec
tive action as given above and not imposing any restricti
on the momentum dependence of the fermion two-po
function. Since however the scale dependence of the ferm
self-energy is given by a flow equation which involves
loop integration over a fermion propagator~it is basically
given by theL derivative of the diagram in Fig. 1 where th
two-point functions are replaced by the modified two-po
functions as introduced in Sec. II!, we would end up with a
rather complicated integro-differential equation.

On the other hand, we may also use the knowledge ab
the structure of the leading thermal corrections to the
mion propagator as discussed above. This structure is
changed by the presence of an infrared-cutoff scaleL. All
dependence of the leading correction onL is in the thermal
mass term~53!, which becomes a function ofL. Thus in-
stead of ~52!, the thermal fermion two-point function fo
finite values ofL reads to leading order inT, taking into
account a possible chiral symmetry-breaking massmxSB
now,

~D f !21~p;L!5„11a~p0 ,P;L!…p”1b~p0 ,P;L!u”2mxSB

a~p0 ,P;L!5
mT,L

2

P2 F12
p0

2P
lnS p01P

p02PD G ~56!

b~p0 ,P;L!5
mT,L

2

P F2
p0

P
1

1

2 S p0
2

P2
21D lnS p01P

p02PD G .

Correspondingly, the dispersion relation is obtained from
~54! by replacingmT by mT,L and subtractingmxSB

2 . The
solutions have the same general features as discussed a
If we use this approximation for the fermion propagator
the flow equations for the effective potential and the Yuka
coupling, we find the following result:

L]LU8~r!52
L3

4p2 F „3U9~r!12rU (3)~r!…
N~v̄s!

v̄s

13U9~r!
N~v̄p!

v̄p
G

22Nc

L3

p2
h̄2F Ñ~v̄1!

D8~v̄1!
2

Ñ~v̄2!

D8~v̄2!
G ~57!

and
12500
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L]Lh̄52
L3

4p2
h̄3H N~v̄0!

v̄0D~v̄0!
12F Ñ~v1,0!

D8~v̄1,0!~v̄1,0
2 2v̄0

2!

2
Ñ~v2,0!

D8~v̄2,0!~v̄2,0
2 2v̄0

2!
G J . ~58!

Herev̄s , v̄p , andv̄0 have been given in Eqs.~36! and~38!,
whereasv6 andv6,0 are the positive solutions of

05D~v!5@11a~v,L;L!#2~v22L2!

12@11a~v,L;L!#b~v,L;L!v

1b~v,L;L!22
h̄2r

2
~59!

at rÞ0 andr50 respectively. Also primes onD(v) denote
the derivative ofD(v) from Eq. ~59! with respect tov. We
now obtain an additional flow equation which governs t
dependence of the thermal massmT,L @appearing ina andb
above; see Eq.~56!# on L. This flow equation reads

L]LmT,L
2 52h̄2

L3

4p2 H N~v̄0!

v̄0

12F Ñ~v̄1,0!

D8~v̄1,0!

2
Ñ~v̄2,0!

D8~v̄2,0!
G J . ~60!

In this way we again have a closed system of differen
equations which furthermore—in contrast to Eqs.~35! and
~37!, being obtained in lowest order derivative expansion
contains the most important corrections induced by ther
fluctuations. Even though the boundary value for the therm
mass termmT,L

2 for L→` is zero, by Eq.~60! for any finite

L>0 andh̄2 one gets a nonvanishing effective thermal ma
for the fermions even forr50. In this way, remembering the
discussion above, fermion decoupling is guaranteed als
the second order phase transition, since again the ‘‘ene
denominator’’ measured in units ofL diverges asL→0.

We could thus stop the discussion at this point and
Eqs.~57!–~60! to discuss the critical behavior of our mode
However, we shall now show that following a proposal ma
in @30# ~in a different context!, one may furthermore simplify
the system of flow equations without introducing large err
in interesting quantities. This further simplification will tur
out to be very useful once we aim to go beyond the low
order in the derivative expansion in the scalar sector.

The key observation is that one may greatly simplify t
effective fermion propagator without changing the most i
portant features by writing
5-10
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D f~p!5
„11a~p0 ,P!…p”1b~p0 ,P!u”1mxSB

„11a~p0 ,P!…2p212„11a~p0 ,P!…b~p0 ,P!p01b~p0 ,P!22mxSB
2

5
p”1mxSB1O~mT

2/P!

p222mT
22mxSB

2 1O~mT
4/P2!

~61!
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and neglecting terms suppressed by powers ofP. Clearly, for
mxSB50, the resulting expression preserves chiral invaria
on the one hand, but displays the behavior of a mas
propagator as far as the dispersion relation is concerne
the other hand. If we use this modification, the flow equ
tions for the potential, the Yukawa coupling, and the therm
mass read

L]LU8~r!52
L3

4p2 F „3U9~r!12rU (3)~r!…
N~v̄s!

v̄s

13U9~r!
N~v̄p!

v̄p
G2Nc

L3

p2
h̄2

Ñ~v̄c!

v̄c

L]Lh̄5
L3

4p2
h̄3

1

U8~0!22mT,L
2 FN~v̄0!

v̄0

1
Ñ~v̄c,0!

v̄c,0
G

~62!

and

L]LmT,L
2 52h̄2

L3

4p2 FN~v̄0!

v̄0

1
Ñ~v̄c,0!

v̄c,0
G ~63!

with v̄c
25L212mT,L

2 1mxSB
2 , v̄c,0

2 5L212mT,L
2 . Since the

fermions decouple from the universal critical behavior bo
in the simplified version of the flow equations@~62! and~63!#
as well as in the full HTL-improved versions~57!–~60!, all

FIG. 2. The dimensionless minimumk0 as a function oft at the

critical temperature for various values ofx5h̄(T50)
2 /g(T50) (x

50.01,0.2,0.4,0.6,0.8,1,1.2,1.4 from lowest to uppermost curve!.
12500
e
e

on
-
l

universal results will be independent of the simplificatio
performed in order to arrive at Eq.~62!.

Before we turn to a discussion of the universal critic
behavior in the next section, let us consider the modificati
brought about by the emergence of a thermal mass for
fermions and the quality of the approximation~61!. In order
to check the universality of the critical behavior we m
consider the model for different values of the Yukawa co
pling h̄(T50) at the respective critical temperature. If we a
proach the critical temperature from below, the effective p
tential always has a nontrivial minimum at a finite value
k5k0. If we consider the rescaled field and couplings a
cording to Eq.~41!, we expect the value ofk0 to be inde-
pendent ofl for small values of the flow parameter. In Fig
2 we display the dependence of the rescaled minimum of
potential ont5 ln l at the critical temperature for variou
initial values of the Yukawa coupling~unless stated other
wise, we always chooseg(T50)50.1 and vary x

5h̄(T50)
2 /g(T50)). A scaling solution is reached fort&27

and one nicely observes the independence of the final v
k0,! of x. It is remarkable that the fermion contribution
sizable down tot,0, i.e.L,T.

In order to discuss the importance of contributions n
glected according to Eq.~61! we display in Fig. 3 the value
of the thermal fermion massmT,L

2 divided byL ~all dimen-
sionful quantities are given in units ofAr (T50)). This is the
relevant quantity in applications of Eq.~61! in the frame-
work of the TRG with a sharp cutoff, since the thre

FIG. 3. The value of the thermal massmT,L
2 divided byL as a

function of t at the critical temperature for various values ofx (x
50.01,0.2,0.4,0.6,0.8,1,1.2,1.4 from leftmost to rightmost curve!.
5-11
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momenta inside the loop contributing to the flow of a
quantity areP5L due to thed function in the kernel@Eq.
~31! and correspondingly for the fermionic degrees of fre
dom#. We plot in Fig. 3mT,L

2 /L again as a function oft for
the same values ofg(T50) andx as used in Fig. 2. We not
that the thermal mass remains very small for larget—a one-
loop calculation for finiteL yields

mT,L
2 5E

L

`

dxh̄2
x

4p2 S 1

ex/T21
1

1

ex/T11
D

5
h̄2

12
T21

h̄2

4p2
T@T dilog~eL/T!

1T dilog~eL/T11!1L ln~eL/T11!#

'
h̄2

2p2
Te2L/T~L1T! ~L/T large! ~64!

andmT,L
2 /L is smaller than 0.2 for the values ofx considered

here for allt*22.5. On the other hand, as is obvious fro
Fig. 2!, the main contribution from the fermionic degrees
freedom is at larger values oft. Thus we believe that the
simplification of the fermionic dispersion relation made he
introduces only very small errors for the nonunivers
results—as was pointed out above, universal quantities
completely unaffected.1

1Also note that neglected contributions in Eq.~61! are formally of

higher order inh̄2 through Eq.~64!.

FIG. 4. The thermal massmT,L→0
2 in units of T2 at the critical

temperature as a function ofx ~solid line!. For comparison the lead
ing order result from Eq.~53! is also given~dashed line!.
12500
-

f

l
re

Before turning to the phase transition itself, consider
nally the value ofmT,L

2 asL→0. This is displayed in Fig. 4,
where we have plottedmT,L→0

2 /T2 at the critical temperature
as a function ofx again. For comparison the one-loop res
~53! is displayed as dashed line. The renormalization of
Yukawa coupling through thermal fluctuations yields a sm
but non-negligible deviation of this quantity from its lowes
order value. We point out that here the HTL contribution@in
the fermionic sector approximated by Eq.~61!# is consis-
tently resummed.

V. THE UNIVERSAL CRITICAL BEHAVIOR
AT THE CHIRAL PHASE TRANSITION

In this section we finally discuss the results for the chi
phase transition as obtained from the quark-meson mo
after including the leading thermal effects in the fermion
sector as discussed above. We have pointed out that the
rivative expansion fails for the fermion propagator and th
fermion decoupling at a second order phase transition is o
guaranteed by the nonlocal fermion mass term produced
the thermal fluctuations. After taking this effect into accou
we expect the phase transition to be in the universality c
of the O(4) model. Critical exponents and amplitude rati
should be independent of the number of colors or
Yukawa coupling. Before we turn to the scalar sector and
universal quantities, let us briefly discuss two nonuniver
aspects: the critical temperature and the behavior of
Yukawa coupling.

In this section we introduce an additional effect, name
we go to first order in the derivative expansion in the sca
sector by taking into account a scalar wave-function ren

malization. This quantity was already included inḠL , Eq.
~28!. WhereasZL is in principle a function of the order
parameter field, we evaluate it at the minimum of the effe
tive potential. Itst dependence is given by

]ZL

]t
52hZL ~65!

with the anomalous dimensionh. Having introducedZL we
consider instead of the dimensionless quantities from
~42! renormalized dimensionless couplings according to

k r5ZLk, h25ZL
21h̄2, ur

(n)5ZL
2nu(n). ~66!

We evaluate the anomalous dimension by considering
flow equation for thep-two-point function and expanding i
aroundqW 250. Since the heat bath introduces an additio
four-vector um , there are in principle two different wave
function renormalizations for@choosing as usuallyum

5(1,0,0,0)# qW andq0. We do not make this distinction an
consider only the effect ofZL connected toqW 2, since this is
the quantity which through Eq.~65! yields the critical expo-
nenth ~see below!. For the anomalous dimension we find th
following expression:
5-12
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h5l
k r~ur

(2)!2

12p2
„F~vs ,vp!1F~vp ,vs!…ukr5kr ,0

1Nc

h2

12p2vc
7 H @6vc

423vc
229mT

2vc
2110mT

2#„2ñ~lvc!

1lvcñ~lvc!@ ñ~lvc!21#…1@vc
213vc

2mT
224mT

2#l2vc
2 ñ~lvc!@ ñ~lvc!21#@2ñ~lvc!21#

1
2

3
mT

2l3vc
3 ñ~lvc!@ ñ~lvc!21#@6ñ~lvc!226ñ~lvc!11#J ~67!

with

F~vs ,vp!5
1

vsvp
5 ~vs

22vp
2 !3

$n~lvs!~6vp
7 28vp

5 26vs
2vp

5 !1n~lvp!~3vs
523vs

5vp
2 210vs

3vp
2

112vs
3vp

4 115vsvp
4 29vsvp

6 !2ln~lvp!@n~lvp!11#~3vs
5vp

3 23vs
5vp110vs

3vp
3

26vs
3vp

5 13vsvp
7 27vsvp

5 !1l2n~lvp!@n~lvp!11#@2n~lvp!11#~vs
5vp

2 22vs
3vp

4 1vsvp
6 !% ~68!

wheremT
25mT,L

2 /L2, mx
25h2k r ,0/2l, vc

25112mT
21mx

2 andvs as well asvp are defined in Eq.~45! @where the renormal-
ized quantities according to Eq.~66! should be used#. In the limit whereL is small compared to all other scales in the theo
~this is the limit relevant for the fixed-point behavior! this rather complicated expression reduces to

h5
k r~ur

(2)!2

6p2

4vs
423vs

4vp
2 23vs

2vp
4 14vp

4

vs
6vp

6 U
kr5kr ,0

1O~l! ~69!

and we again note the decoupling of the fermionic degrees of freedom in this limit.
The flow equations for the renormalized couplings introduced in Eq.~66! receive additional contributions proportional th

anomalous dimension. We thus have for example

] th5
h

2
h1

h3

4p2ur
(1)~0!

Fn~lv r ,0!

v r ,0
1ñ~1!G

] tur
(1)~k r !5~221h!ur

(1)1~11h!k rur
(2)

2
l

4p2 F ~3ur
(2)12k rur

(3)!
n~lvs!

vs
13ur

(2) n~lvp!

vp
G2

Nc

p2
h2

ñ~lvc!

vc
~70!

and for the renormalized dimensionless minimum

] tk r ,052~11h!k r ,01
l

4p2 F S 312k r

ur
(3)

ur
(2)D n~lvs!

vs
13

n~lvp!

vp
GU

kr5kr ,0

1
Nc

p2

h2

ur
(2)

ñ~lvc!

vc
U

kr5kr ,0

. ~71!
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Since the value of the anomalous dimension at the crit
temperature will turn out to be very small, the modificatio
of the results displayed in Figs. 3 and 4 are tiny.

The value of the unrenormalized Yukawa couplingh̄2 at
Tc as L→0 is displayed as a function ofx in Fig. 5. Also
plotted is the (T50) Yukawa coupling and we note that it
only slightly modified through thermal fluctuations~for small
values of the initial couplings!. Here the introduction of a
renormalized Yukawa coupling however has important c
sequences: The value ofh is positive at the critical tempera
ture. This leads to a vanishing renormalized Yukawa c
pling at Tc , since in the infrared the flow equation forh2

reduces to
12500
al

-

-

] th
25hh2 ~T5Tc ,L→0!. ~72!

Since h is very small,h2 only vanishes very slowly (h2

}lh).
Let us now turn to the critical temperature. In leadin

order perturbation theory, one obtainsTc as a function ofx
5h̄(T50)

2 /g(T50) as

Tc
pert5A4r0~T50!

11x
. ~73!

This dependence onx is basically reproduced by our re
summed calculation. We display the critical temperature
5-13
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units ofAr0(T50) as a function ofx in Fig. 6. Note that in
the limit x→0 the result does not approach Eq.~73!. This is
of course due to the fact that this limit corresponds to a p
scalar theory where there are still modifications ofTc

pert @24#.
Indeed, the relative difference of our result with lowest ord
perturbation theory as displayed in Fig. 7 is small but no
vanishing forx→0.

To end the discussion, let us report the results for
universal behavior. As the universal quantities of theO(N)
models are well studied for various values ofN ~for a review
see@31#! and the casesN51 andN54 have been studied
with the methods used here in@21,23,24# we will only briefly

FIG. 5. The Yukawa couplingh̄L→0(Tc) as a function ofx

~solid line!. For comparisonh̄(T50) is also given~dashed line!.

FIG. 6. The critical temperature in units ofAr0(T50) as a

function of x5h̄(T50)
2 /g(T50) ~we useg(T50)50.1 here!.
12500
e

r
-

e

discuss the main differences of our results with the ones
may be found in the literature.

The universal critical behavior is encoded in the scal
form of the equation of state, which relates the order para
eter r, the temperatureT and the external fieldH
5A2rU8(r) and may for example be written as@31#

]U

]r
5~A2r!d21f ~x!, x5

T2Tc

T
~A2r!21/b ~74!

with the Widom scaling functionf (x) and critical exponents
d and b. The Widom scaling function for theO(4) model
was calculated in the framework of the thermal renormali
tion group in@24#, where however the anomalous dimensi
was neglected. It has also been computed from the e
renormalization group in the Matsubara formalism@29#,
from three-dimensional lattice simulations@32#, and from
mean-field theory as well as in second ordere expansion
@33#. The TRG results have been compared to those of
exact renormalization group in@24# and good agreement wa
found apart from the behavior for largex and T.Tc . The
disagreement in that region was due to differences in
value of the critical exponentg, which governs the behavio
of f (x) asx→`. In @24# it was argued that these difference
should mostly be due to the neglected effects of the ano
lous dimension. We are now in a position to check this cla
through a calculation of critical exponents taking into a
counth according to Eq.~67!.

We have calculated the exponentsb andd as introduced
in Eq. ~74!, h as given in Eq.~67!, as well asg andn. The
exponentsg and n encode the behavior of the unrenorma
ized and the renormalized mass of the order parameter
asT→Tc according to

FIG. 7. The relative deviation of the critical temperature fro
the perturbative result,dTc

52@(Tc2Tc
pert)/(Tc1Tc

pert)# as a func-
tion of x (g(T50)50.1).
5-14
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mr~T!

Tc
}S T2Tc

Tc
D n

~75!
m~T!

Tc
}S T2Tc

Tc
D g/2

whereash describes the behavior of the two-point functio
of the order-parameter field at the critical temperature. O
results for these exponents are given in Table I, where
also give the results obtained from other methods
comparison.2

A useful consistency check is provided by the scal
relations which connect the critical exponents and leave o
two of them independent. Thus for example one has@31#!

d5
d122h

d221h

g5n~22h!

~76!
g5b~d21!

b5
n

2
~d221h!.

These scaling relations are fulfilled by our results to be
than 0.5%.

The results from@35# are obtained from a fixed-dimensio
calculation in the three-dimensionalO(4) model to seven
loops whereas the results given in the last line are fr
three-dimensional Monte Carlo simulations of theO(4)
model @36#. We note that the results obtained in the pres
work, derived using the next-to-leading contributions in t
derivative expansion in the scalar sector, are somew
closer to the values found in lattice and three-dimensio
perturbation theory calculations than the results given
@24#. However, the improvement for the exponentsb, g and
n is perhaps surprisingly small for the present model.

At this point it is interesting to compare the situation wi
the results from a study of the pure scalarO(1) model. In
@37# a sharp-cutoff Wilsonian RG was used to obtain critic
exponents of the three-dimensionalO(1) model. We have
explicitly verified that our flow equation for the effectiv

2For results from the ERG see also@34# where results that are
essentially identical to those given in@29# were obtained from a
polynomial approximation to the effective potential.

TABLE I. Critical exponents for theO(4) model.

b g n d h

This work 0.429 1.68 0.85 4.90 0.017
TRG 1 LO DE @24# 0.433 1.73 0.86 5.0
ERG @29# 0.407 1.548 0.787 4.80 0.034
3d PT @35# 0.38 1.44 0.73 4.82 0.03
3d MC @36# 0.384 1.48 0.748 4.85 0.025
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potential and the anomalous dimension, adapted to theO(1)
scalar theory3 reproduce the expression given there in t
scaling limit. The truncations made in@37# are then identical
to the ones made here and we would reproduce their va
for the exponents. In that case, the exponents from the W
sonian RG are in very good agreement with the results fr
other methods. This shows that in theO(1) model, the next-
to-leading order derivative expansion as used here gives
curate results as one would expect given the smallness o
anomalous dimension.4 The fact that the agreement in th
present case is not as good might be due to the existenc
a contribution in the present order of the derivative exp
sion which exists forN.1 and has been neglected her
namely a term of the formZ̃Lwawa]2wbwb ~see also@24#!.
This question remains to be settled in future work.

VI. SUMMARY AND CONCLUSIONS

In the present work we have extended the formulation
the thermal renormalization group@21# to theories involving
fermionic degrees of freedom. Whereas the adaption of
full flow equation~Sec. II! is very much straightforward and
does not involve any conceptually new points, it turns o
that in performing approximations to the full functional di
ferential equation one has to be considerably more car
for fermionic than for bosonic fields. After describing in Se
III the specific model for theNf52 chiral phase transition
that we studied, we have discussed at length questions
cerning the decoupling of the fermionic fields at the pha
transition in Sec. IV.

The model under consideration consists of
O(4)-symmetric scalar field coupled via Yukawa couplin
to 2Nc chiral fermions. At low temperatures theO(4) sym-
metry is spontaneously broken down to anO(3), where cor-
respondingly 3 massless scalar fields~‘‘pions’’ ! appear. The
massive scalar field is the would-be ‘‘sigma,’’ the fermion
fields acquire masses and the chiral symmetry thus is sp
taneously broken. This model is expected to be in the u
versality class of the three-dimensional 4-vector model w
a second order phase transition with well known univer
behavior. The fermionic fields should not play a role for t
infrared behavior at the phase transition and the effec
potential should display scaling behavior for small field v
ues.

We have then pointed out that the usual arguments ab
fermion decoupling at high temperatures do not apply in
TRG approach in the presence of second or weakly first
der phase transitions. The fact that the scalar distribu
function dominates the fermionic one for small energies~or
large temperatures! does not directly imply a dominance o

3This is trivial for the flow equation for the potential. The anom
lous dimension has to be replaced by the one defined from
sigma since there are of course no pions in theO(1) case. We have
calculated the corresponding expression also in the present mo

4As a caveat, one should however notice that the scaling relat
~76! are violated by up to;6% for the values given in@37#.
5-15
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BERGERHOFF, MANUS, AND REINGRUBER PHYSICAL REVIEW D61 125005
the scalar contributions to the renormalized couplings~or the
effective potential!. The reason for this is the fact that it
not the distribution functions alone that enter the calcu
tions, but the product of couplings times distribution fun
tions. In the presence of a scaling solution for the effect
potential, the couplings are also scale dependent in su
way that the product of scalar self couplings times sca
distribution functions has the same infrared behavior as
fermionic contribution, since in the latter the couplings
not exhibit scaling behavior.

This is in contrast to the high-temperature limit, whe
neither the scalar nor the Yukawa couplings scale. In
case it is indeed the relative behavior of the distribut
functions that matters and fermion decoupling in the lim
T→` works by the usual arguments.

One of the main points of the present work was then m
in Sec. IV where we have discussed the question how
versality in the presence of chiral fermions is neverthel
obtained and how this effect can be successfully imp
mented within the thermal renormalization group approa
The key observation is that even in chirally symmetric the
ries thermal fluctuations modify the fermionic dispersion
lations such that the corrected dispersion relation resem
that of a massive particle for small momenta@27#. This is the
leading effect of finite temperature in the fermionic sector
the theory and is in this sense on equal footing with
scalar mass correction}T2 which drives the phase transition
Due to the chiral nature of the fermions, the thermal mas
the fermionic sector is however necessarily an effective m
resulting from a complicated momentum dependence of
two-point function. We have pointed out that this effect
not included if one applies a derivative expansion to
fermion two-point function as is generally done in the app
cation of Wilsonian renormalization group equations. Wh
universal quantities are unaffected, the presence of the e
tive thermal fermion mass should modify nonuniversal qu
tities as obtained within the derivative expansion@29#.

We also discussed in Sec. IV how one may approxim
the fermionic dispersion relations such that the resulting
pressions are simple enough to keep the system of flow e
12500
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tions manageable on the one hand and not lose the impo
effects on the other hand. Here we follow a proposal
forward in @30# to rewrite the fermion propagator such th
the thermal mass term is effectively local, but chiral symm
try remains unbroken by it. We argue that this approximat
is quantitatively reliable for small (T50) couplings.

After having clarified how fermion decoupling work
within the TRG we have finally discussed the results o
study of the chiral phase transition in the framework of t
quark-meson model in Sec. V. Indeed, the phase transitio
second order with universal critical behavior as obtain
from the pure scalarO(4) model in three dimensions. W
find that for small enough (T50) couplings the critical tem-
perature is rather well described by perturbation theory. T
observation was already made in@13,24,38# for pure scalar
O(N) models. We improved upon previous results from t
TRG on the critical exponents by including a scalar wav
function renormalization, i.e. going beyond leading order
the derivative expansion in the scalar sector. The critical
ponents are displayed in Table I. We have also discussed
quality of our approximations as far as the critical expone
are concerned. It turns out that the inclusion of the anom
lous dimension has a rather small effect on the exponentb,
g andn.

In the present paper we have been concerned only w
quantities which may also be obtained from Wilsonian ren
malization group calculations in the Matsubara formalism.
principle, the formalism set up here is directly applicable
quantities like damping rates, etc.@25#. After we have clari-
fied the necessary ingredients in the fermionic sector, we
now in a position to study out-of-equilibrium properties
the present model in linear response theory.
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@3# L. V. Keldysh, Zh. Éksp. Teor. Fiz.47, 1515 ~1964! @Sov.

Phys. JETP20, 1018~1965!#.
@4# N. P. Landsman and C. van Weert, Phys. Rep.145, 141

~1987!.
@5# M. Le Bellac, Thermal Field Theory~Cambridge University

Press, Cambridge, England, 1996!.
@6# P. C. Hohenberg and B. I. Halperin, Rev. Mod. Phys.49, 435

~1977!.
@7# W. H. Zurek, Phys. Rep.276, 177 ~1996!.
@8# J. Borrill and M. Gleiser, Phys. Rev. D51, 4111~1995!.
@9# M. Yamaguchi and J. Yokoyama, Phys. Rev. D56, 4544

~1997!.
@10# Z. Xu and C. Greiner, hep-ph/9910562.
@11# B. Bergerhoff, M. Lindner, and M. Weiser, Phys. Lett. B469,

61 ~1999!.
@12# J. R. Espinosa, M. Quiros, and F. Zwirner, Phys. Lett. B291,

115 ~1992!.
@13# N. Tetradis and C. Wetterich, Nucl. Phys.B398, 659 ~1993!.
@14# K. G. Wilson and J. G. Kogut, Phys. Rep.12, 75 ~1974!.
@15# J. Polchinski, Nucl. Phys.B231, 269 ~1984!.
@16# A. Hasenfratz and P. Hasenfratz, Nucl. Phys.B270, 685

~1986!.
@17# D. O’Connor and C. R. Stephens, Int. J. Mod. Phys. A9, 2805

~1994!.
@18# I. T. Drummond, R. R. Horgan, P. V. Landshoff, and A. Re

han, Phys. Lett. B398, 326 ~1997!.
@19# T. Inagaki, K. Ogure, and J. Sato, Prog. Theor. Phys.99, 1069
5-16



. D

a

THERMAL RENORMALIZATION GROUP FOR FERMIONS, . . . PHYSICAL REVIEW D 61 125005
~1998!; J. Arafune, K. Ogure, and J. Sato,ibid. 99, 119~1998!;
K. Ogure and J. Sato, Phys. Rev. D57, 7460 ~1998!; 58,
085010~1998!; hep-ph/9909306.

@20# C. Wetterich, Phys. Lett. B301, 90 ~1993!.
@21# M. D’Attanasio and M. Pietroni, Nucl. Phys.B472, 711

~1996!.
@22# M. D’Attanasio and M. Pietroni, Nucl. Phys.B498, 443

~1997!.
@23# B. Bergerhoff, Phys. Lett. B437, 381 ~1998!.
@24# B. Bergerhoff and J. Reingruber, Phys. Rev. D60, 105036

~1999!.
@25# M. Pietroni, Phys. Rev. Lett.81, 2424~1998!.
@26# D.-U. Jungnickel and C. Wetterich, Phys. Rev. D53, 5142

~1996!.
@27# V. V. Klimov, Yad. Fiz. 33, 1734~1981! @Sov. J. Nucl. Phys.

33, 934~1981!#; H. A. Weldon, Phys. Rev. D26, 2789~1982!.
12500
@28# A. Niemi and G. Semenoff, Ann. Phys.~N.Y.! 152, 105
~1984!.

@29# J. Berges, D.-U. Jungnickel, and C. Wetterich, Phys. Rev
59, 034010~1999!.

@30# F. Flechsig and A. K. Rebhan, Nucl. Phys.B464, 279 ~1996!.
@31# J. Zinn-Justin,Quantum Field Theory and Critical Phenomen

~Oxford, New York, 1989!.
@32# D. Toussaint, Phys. Rev. D55, 362 ~1997!.
@33# E. Brezin, D. J. Wallace, and K. G. Wilson, Phys. Rev. B7,

232 ~1973!.
@34# N. Tetradis and C. Wetterich, Nucl. Phys.B422, 541 ~1994!.
@35# G. Baker, D. Meiron, and B. Nickel, Phys. Rev. B17, 1365

~1978!.
@36# K. Kanaya and S. Kaya, Phys. Rev. D51, 2404~1995!.
@37# S.-B. Liao and M. Strickland, Nucl. Phys.B497, 611 ~1997!.
@38# N. Tetradis and C. Wetterich, Int. J. Mod. Phys. A9, 4029

~1994!.
5-17


