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- Cell membrane potential



lon compartmentalization at cell membrane

Cell
membrane
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lable 11-1 Comparison of Ion Concentrations Inside and Outside a Typical
Mammalian Cell

Component Intracellular Concentration Extracellular Concentration
k’ (mM) (mM)
+
k,_ kﬂ Cations
k' Na* 5-15 145
k:" K* 140 5
E ka Mg 0.5 1-2
Ca2+ 104 1-2
& b H* 7x10° (10772 M or pH 7.2) 4x10° (10774 M or pH 7.4)

Anions*

&
k &5 -k: Cl- 5-15 110
i

*The cell must contain equal quantities of + and — charges (that is, be electrically neutral). Thus,
in addition to CI-, the cell contains many other anions not listed in this table; in fact, most cel-
lular constituents are negatively charged (HCO3, PO,*, proteins, nucleic acids, metabolites car-
rying phosphate and carboxyl groups, etc.). The concentrations of Ca?* and Mg?* given are for
the free ions. There is a total of about 20 mM Mg?* and 1-2 mM Ca?* in cells, but this is mostly
bound to proteins and other substances and, in the case of Ca**, stored within various organelles.
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Memlbrane potential

Cell membrane = lipid bilayer with proteins and ions channels
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Membrane potential counter-balances the diffusion gradients
of ions



The Nernst-Planck equation

lon motion is driven by concentration gradient & electric field
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Across a lipid bilayer (thickness L) and a single ion species A
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Reversal (membrane) potential for a a single ion
species A

Reversal potential counter-balances ion diffusion through the membrane
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Goldman—-Hodgkin—Katz equation for membrane
ootential

Reversal potential for multiple (monovalent) ion species E TlAjA =
A

RT] ZA+ PA{" [Azl-]out + 2a- PAi_ [Ai_]in
F ZA"‘ P4+ [A:r] + 24— Par [Ai_]
L in l out

D
with Py = TA,the ion permeability

Component Intracellular Concentration Extracellular Concentration
(mM) (mM)

Cations Neuron resting potential
Na* 5-15 145

K* 140 5

Mg?* 0.5 1-2

Ca2+ 104 1-2 Em ~ _70 mV

H* 7x107° (10772 M or pH 7.2) 4x107° (10774 M or pH 7.4)

Anions*
& 5-15 110
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Propagating the membrane potential in dendrites: Cable theory



—Xxcltatory synapses in central nervous system

Main neurotransmitter: Glutamate

Vesicle

© Glutamate

Main receptors: AMPAR, NMDAR, KAR

Receptors are permeable to cations (Na*
and Ca2* principally) Sfiaces
Trigger membrane depolarizatio :

n

Post-
synapse

Excitatory post-synaptic potential (EPSP
)



Propagation of EPSPs along dendrites and

action potential generation

Active

(1) EPSPs summate to

threshold for re- Dendritic spike

generative voltage-  th
gated Na*and Ca**
channel opening, a
dendritic spike is fired

(2) The dendritic spike
propagates along the
dendritic trunk with very
little voltage attenuation.
However, EPSPs do
attenuate

(3) Axonal membrane
potential reaches
threshold and an

reshold

Action potential
threshold

Synaplic
input

% Passive

(1) EPSPs summate, but

Dendritic spike depolarisation insufficient to
threshold trigger regenerative opening
of dendritic voltage-gated
{ S Na* channels

(2) EPSP amplitude attenuates
as EPSPs travel along
dendritic trunk

(3) Axonal membrane potential
is subthreshold, no action
Action potential potential output

threshold



Modeling passive propagation with Cable Theory
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rl rI r|
VW VW M-

rm: Membrane resistance

I': Longitudinal resistance
L\ nesisiance C_: Capacitance due to electrostatic forces



Deriving the voltage propagation

Volage propagation
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Koch C. Biological cybernetics 50, 15-33 (1984).
Segev |, Rall W. Trends in neurosciences 21, 453-460 (1998).



Voltage attenuation along dendrite
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The peculiar geometry of dendritic spines



Dendritic spines are the primary sites of
exclitatory synaptic integration

‘ : axon terminal (from
/ \ different neuron)

dendrites

nucleus ' SPINES

cell body
(soma

g




Important diversity and dynamic shapes

Diversity of shapes Dynamic shape
Arellano et al. Front. Neuro. 2017 Sadakane et al. eNeuro. 2015



Encoding memory through morphological changes

resynaptic axon

Morphological =

nction o)
and functional  giutamate oy

Postsynaptic spine transitions receptors J

Saman Ebrahimi, Shigeo Okabe,
Structural dynamics of dendritic spines.: Molecular composition, geometry and functional requlation,
Biochimica et Biophysica Acta (BBA) - Biomembranes,Volume 1838, Issue 10,2014,Pages 2391-2398,




Question 7

How does spine geometry shape synaptic input ?

Spine head ¥
voltage
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Outline

Indirect estimation of spine neck resistance



Biochemical compartmentalization (=restriction of molecular
diffusion) in spines is well established

V l ea L2 V l ea Lnec
Tescape = D—l ( Olhead 4+ neck 4+ Olhead k) .

2

Escape time - 0.1-1 s

Experimental: Svoboda et al, Science 1996

P il

[ 129 ms ¥ ‘ Theoretical: Holcrman- Schuss, J. Math. Neuro. 2077

FRAP experiments with YFP/Alexa

fonnesen et al, Nature Neuroscrience 30714



Estimating the neck resistance from escape time

2
—1 VOlhea,d | Lneck | VOlheadLneck
Tescape =D | | 5 :

neck

[ eading term

Lneckpc

2
T[Tneck

Neck resistance (Cable theory) Ryeck =

Dp.
VOlhead

Rneck ~ Tescape



Estimating the neck resistance from escape time

2
1 (Volhead | Lyeer . VOlheadlineck
Tescape — D | | 9 .

[ eading term

| Lneckp
Neck resistance (Cable theory) Rp.cr = "eg -
T[Tneck
Difficult to
estimalte. ..
Y.
Rneck ~ Tescape

VOlhead



Resistance of the neck scales with neck length

Somatic EPSPs after
glutamate ungaging at
different dendritic spines

Araya... Yuste, PNAS 2006

Neck Length (um)




Electrical compartmentalization of spines is actually controversial !
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Harnett MT, Makara JK, Spruston N, Kath WL, Magee JC. Synaptic Popovic, M. A., Carnevale, N., Rozsa, B., & Zecevic, D. (2015).
amplification by dendritic spines enhances input cooperativity. Electrical behaviour of dendritic spines as revealed by voltage
Nature. 2012 imaging. Nature communications, &1), 8436.



Reasons of the controversy

Tiny spines -> direct measurement is difficult
Voltage imaging noisy and slow -> difficult data interpretation
Ditferent experimental conditions (in vivo, slices, in vitro) -> different

spines’ shapes, different dendritic impedance...

Need for a robust theoretical framework to constrain
experimental observations



Standard cable theory is insufficient

cytoplasm

Spine head ~ ball with (small) neck junction = cylinder

Neglects changes in ion concentration (diffusion flux in Nernst-Planck
equation) ... that can be significant in spine nanodomain

Joined dynamics of ions and potential ?
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Electro-diffusion modeling of ions and potential dynamics in spines
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Electrodiffusion models of synaptic potentials in
dendritic spines

Authors Authors and affiliations

Thibault Lagache &7 | Krishna Jayant, Rafael Yuste

Article
First Online: 13 August 2019

94

Shares Downloads




Electro-diffusion equations

Poisson: Potential is related to local differences
between positive and negative concentrations

Ad(x,t) = _° (cT(x,t) — ¢ (x,1)

€c

Nernst-Planck = Fick’s law (diffusion between
concentration gradient) + Action of electric field on
lons (potential gradient)

Dendritic Shaft 8C(}(7 t)

ot

= DV. {V.c | ;;CV.CI)] (x,t)

Schuss Z, Nadler B, Eisenberg RS. Phys. Rev. £ 64, 036116 (2001)



Electro-diffusion equations

Poisson: Potential is related to local differences
between positive and negative concentrations

Ad(x,t) = _ (cT(x,t) — ¢ (x,1)

€c

Nernst-Planck = Fick’s law (diffusion between
concentration gradient) + Action of electric field on
lons (potential gradient)

Dendritic Shaft 8C(}(7 t)

ot

= DV. {V.c | ]:;CV.CI)] (x,t)

Schuss Z, Nadler B, Eisenberg RS. Phys. Rev. £ 64, 036116 (2001)



Analysis of PNP equations inside the spine head

Spine head is a capacitor !




Analysis of PNP equations inside the spine head

Spine head is a capacitor !

Phead (t) — ZLJF (tih—C: (Q




Fluxes of ions through the spine neck
Diffusion and electrical-field contributions

lon motion = (concentration gradient) and (potential gradient)

Same direction Opposite direction
Net current =0

Head (I)head(t) > (I)O
Chead(t) > Co

Neck

Dendrite: Cdendrite (t) ~ C(
q)dendm'te (t) ~ (I)O ~ —60 mV



Mathematical estimation of fluxes

After 1D simplification of equations & Asymptotic expansion of solutions...

Kosinska | et al. Physical Review E 77, 031131 (2008).

DS B UhL
Jdiff (t) — T (Chead (t) — CO) =y Tescape — gD
S Used to fit FRAP experiments (Svoboda et al, Science 1996)
S Diffusion theory (Holcman- Schuss, J. Math. Neuro. 2011)
[ | Spine
| neck

10 = T =y 5 () (et = 0




Mathematical estimation of fluxes

After 1D simplification of equations & Asymptotic expansion of solutions...

Kosinska | et al. Physical Review E 77, 031131 (2008).

DS B UhL
Jdiff (t) — T (Chead (t) — CO) " Tescape = gD
S Used to fit FRAP experiments (Svoboda et al, Science 1996)
S Diffusion theory (Holcman- Schuss, J. Math. Neuro. 2011)
[ | Spine
| neck
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The high variablility of neck resistance

Neck geometry Ditfusion

Neck Length= 1 um
Neck Radius= 50 nm
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Coupled kinetics of concentration and potential
INside the spine head

Spine head

-------
* e

Diffusion
Neck

4
--------



Coupled kinetics of concentration and potential
INside the spine head

Fast electrostatics (charging head capacitor) ~ 1-100 ps

dq)head(t) + (I)Head(t) i (I)O
m — 1 t) (P ea t) — (I)reversa ea t —
ShC o g7 (t) (Pread(?) 1(Chead(t))) Ry (cnena (D)
Slow concentration increase ~ 1 — 1,000 ms
dcheqd(t) I D77 ok
Uh = —=g (t) ((I)head(t) — (I)reversal (Chead(t))) T (Chead(t) — CO)

dt 2 Lneck



Electrostatics & Electro-diffusion for sustained
synaptic current

. | . | tic = | neck
Charging the synaptic \ Synaptic - " nec Steady-state
head capacitor & lneck / Chead /
+ + ¥ 1

Electrostatics dominates Electro-diffusion dominates

1071 101 103 10°

Time Iis|



Current & Resistance decrease lead to potential drop
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Infering physical paramters from direct nanopipettes recordings



What can we learn and predict from electrical

recordings inside the spine 7



Nanopipette recording inside spines

Nano-electrode

| 4

- spine
O
> -2l
£, 3
c 40| ;
= | 200ms ;i
B Break in 7=
Jayant et al,

Nature Nano 2017



Direct voltage recordings inside dendritic spines

Spine EPSP
spine - Slower than electrostatics
O P— Faster than diffusion

> 20|
E.

& —40L
> 200ms

-60L fasad

7

Break in



Direct voltage recordings inside dendritic spines

Spine EPSP
spine - Slower than electrostatics
0~ Faster than diffusion
> 20|
E.
& —40L
> 200ms | Kinetics driven by receptor
—-60L —y /e

Break in

Opening (< 1 ms) /
Closure (~ 5 ms)



Fitting synaptic conductances to recorded potentials

Measured .., [MV] /\ Computed .. [MV]
3- Calibration :

50 ms

Wy

2- Computation of
voltage

1- Modeling & estimation
of synaptic conductance

AMPA channel model Estimation of synaptic conductance [nS]

Channel opening (sigmoidal) Channel dosing (exponentia) 8
« (1+ exp(p=tir,)) ! x exp(—t/t,)

08 1 <% 020 45

0.7
0.16 | 43
086 |
41} |,
05 | 012t

39¢

04 v |o

03t




Predicting concentration changes during spontaneous EPSPs
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Change in concentration induce dynamic neck resistance



Repeated stimulations and short-term potentiation

EPSP frequency = 20 Hz EPSP frequency = 50 Hz

500 MQ

|

120 180 240 300 0 60 120 180
Time [ms] Time [ms]

120 180 60 120 180
Time [ms] Time [ms]

Decreased resistance and enhanced connectivity




Conclusion

Voltage signaling is driven by ion dynamics

Electro-diffusion equations can model the interplay between ion and voltage
dynamics

Spine geometry is very variable and changing; Geometry shapes the filtering
of EPSPs do the parent dendrite

lon concentration varies and intfluences the electrical potential in spines

Take-home message

Nanodomains are ubiquitous in neurobiology (synapses, neuron-glia
communication, thin dendrites...) and require the careful derivation of the
physical laws that govern the constrained and non-linear dynamics of ions



